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Preface

This book is intended for a one-semester graduate course on stochastic methods.
It is specifically targeted at students and researchers who wish to understand and
apply stochastic methods to problems in the natural sciences, and to do so without
learning the technical details of measure theory. For those who want to familiarize
themselves with the concepts and jargon of the “modern” measure-theoretic for-
mulation of probability theory, these are described in the final chapter. The purpose
of this final chapter is to provide the interested reader with the jargon necessary
to read research articles that use the modern formalism. This can be useful even if
one does not require this formalism in one’s own research.

This book contains more material than I cover in my current graduate class on
the subject at UMass Boston. One can select from the text various optional paths
depending on the purpose of the class. For a graduate class for physics students
who will be using stochastic methods in their research work, whether in physics or
interdisciplinary applications, I would suggest the following: Chapters 1, 2, 3 (with
Section 3.8.5 optional), 4 (with Section 4.2 optional, as alternative methods are
given in 7.7), 5 (with Section 5.2 optional), 7 (with Sections 7.8 and 7.9 optional),
and 8 (with Section 8.9 optional). In the above outline I have left out Chapters 6, 9
and 10. Chapter 6 covers numerical methods for solving equations with Gaussian
noise, and is the sort of thing that can be picked-up at a later point by a student if
needed for research. Chapter 9 covers Levy stochastic processes, including exotic
noise processes that generate probability densities with infinite variance. While this
chapter is no more difficult than the preceding chapters, it is a more specialized
subject in the sense that relatively few students are likely to need it in their research
work. Chapter 10, as mentioned above, covers the concepts and jargon of the
rigorous measure-theoretic formulation of probability theory.

A brief overview of this book is as follows: Chapters 1 (probability theory with-
out measure theory) and 2 (ordinary differential equations) give background mat-
erial that is essential for understanding the rest of course. Chapter 2 will be almost

X1



xii Preface

all revision for students with an undergraduate physics degree. Chapter 3 covers all
the basics of Ito calculus and solving stochastic differential equations. Chapter 4
introduces some further concepts such as auto-correlation functions, power spectra
and white noise. Chapter 5 contains two applications (Brownian motion and option
pricing), as well as a discussion of the Stratonovich formulation of stochastic equa-
tions and its role in modeling multiplicative noise. Chapter 6 covers numerical
methods for solving stochastic equations. Chapter 7 covers Fokker—Planck equa-
tions. This chapter also includes applications to reaction—diffusion systems, and
pattern formation in these systems. Chapter 8 explains jump processes and how they
are described using master equations. It also contains applications to population
dynamics and neuron behavior. Chapter 9 covers Levy processes. These include
noise processes that generate probability densities with infinite variance, such as
the Cauchy distribution. Finally Chapter 10 introduces the concepts and jargon of
the “modern” measure-theoretic description of probability theory.

While I have corrected many errors that found their way into the manuscript, it
is unlikely that I eliminated them all. For the purposes of future editions I would
certainly be grateful if you can let me know of any errors you find.
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1
A review of probability theory

In this book we will study dynamical systems driven by noise. Noise is something
that changes randomly with time, and quantities that do this are called stochastic
processes. When a dynamical system is driven by a stochastic process, its motion
too has a random component, and the variables that describe it are therefore also
stochastic processes. To describe noisy systems requires combining differential
equations with probability theory. We begin, therefore, by reviewing what we will
need to know about probability.

1.1 Random variables and mutually exclusive events

Probability theory is used to describe a situation in which we do not know the
precise value of a variable, but may have an idea of the relative likelihood that it
will have one of a number of possible values. Let us call the unknown quantity X.
This quantity is referred to as a random variable. If X is the value that we will
get when we roll a six-sided die, then the possible values of X are 1,2, ...,6. We
describe the likelihood that X will have one of these values, say 3, by a number
between 0 and 1, called the probability. If the probability that X = 3 is unity, then
this means we will always get 3 when we roll the die. If this probability is zero,
then we will never get the value 3. If the probability is 2/3 that the die comes up
3, then it means that we expect to get the number 3 about two thirds of the time, if
we roll the die many times.

The various values of X, and of any random variable, are an example of mutually
exclusive events. That is, whenever we throw the die, X can have only one of the
values between 1 and 6, no more and no less. Rather obviously, if the probability
for X to be 3 is 1/8, and for X to be 6 is 2/8, then the probability for X to be either
3or6is 1/8+2/8 = 3/8. That is, the total probability that one of two or more
mutually exclusive events occurs is the sum of the probabilities for each event. One
usually states this by saying that “mutually exclusive probabilities sum”. Thus, if
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A Discrete Probability Set

T

A Probability Density

Figure 1.1. An illustation of summing the probabilities of mutually exclusive
events, both for discrete and continuous random variables.

we want to know the probability for X to be in the range from 3 to 4, we sum all
the probabilities for the values from 3 to 4. This is illustrated in Figure 1.1. Since
X always takes a value between 1 and 6, the probability for it to take a value in this
range must be unity. Thus, the sum of the probabilities for all the mutually exclusive
possible values must always be unity. If the die is fair, then all the possible values
are equally likely, and each is therefore equal to 1/6.

Note: in mathematics texts it is customary to denote the unknown quantity
using a capital letter, say X, and a variable that specifies one of the possible
values that X may have as the equivalent lower-case letter, x. We will use this
convention in this chapter, but in the following chapters we will use a lower-case
letter for both the unknown quantity and the values it can take, since it causes no
confusion.

In the above example, X is a discrete random variable, since it takes the discrete
setof values 1, ..., 6. If instead the value of X can be any real number, then we say
that X is a continuous random variable. Once again we assign a number to each of
these values to describe their relative likelihoods. This number is now a function of
x (where x ranges over the values that X can take), called the probability density,
and is usually denoted by Px(x) (or just P(x)). The probability for X to be in the
range from x = a to x = b is now the area under P(x) from x = a to x = b. That
is

b
Prob(a < X < b) = / P(x)dx. (1.1)
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A Gaussian Probability Density
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Figure 1.2. A Gaussian probability density with variance V = 1, and mean (X) = 0.

This is illustrated in Figure 1.1. Thus the integral of P(x) over the whole real line
(from —o0 to oo) must be 1, since X must take one of these values:

oo
/ Px)dx = 1. (1.2)
—0Q

The average of X, also known as the mean, or expectation value, of X is defined
by

[e9]
(X) E/ P(x)xdx. (1.3)
—00
If P(x) is symmetric about x = 0, then it is not difficult to see that the mean of X
is zero, which is also the center of the density. If the density is symmetric about
any other point, say x = a, then the mean is also a. This is clear if one considers a
density that is symmetric about x = 0, and then shifts it along the x-axis so that it
is symmetric about x = a: shifting the density shifts the mean by the same amount.

The variance of X is defined as

o o
Vy = / P(x)(x — (X)) dx = / P(x)x*dx — (X)? = (X*) — (X)2. (1.4)
— 0 —00
The standard deviation of X, denoted by ox and defined as the square root of the
variance, is a measure of how broad the probability density for X is — that is, how
much we can expect X to deviate from its mean value.

An important example of a probability density is the Gaussian, given by

1 _a=w?

P(x) = e 6, (1.5)

2no?

The mean of this Gaussian probability density is (X) = p and the variance is
V(x) = o2. A plot of this probability density in given in Figure 1.2.
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1.2 Independence

Two random variables are referred to as being independent if neither of their
probability densities depends on the value of the other variable. For example, if
we rolled our six-sided die two times, and called the outcome of the first roll X,
and the outcome of the second roll Y, then these two random variables would be
independent. Further, we speak of the event X = 3 (when the first die roll comes up
as 3) and the event ¥ = 6 as being independent. When two events are independent,
the probability that both of them occur (that X = 3 and Y = 6) is the product of
the probabilities that each occurs. One often states this by saying that “independent
probabilities multiply”. The reason for this is fairly clear if we consider first making
the die roll to obtain X. Only if X = 3 do we then make the second roll, and only if
that comes up 6 do we get the result X = 3 and Y = 6. If the first roll only comes
up 3 one eighth of the time, and the second comes up 6 one sixth of the time, then
we will only get both of them 1/8 x 1/6 = 1/48 of the time.

Once again this is just as true for independent random variables that take a
continuum of values. In this case we speak of the “joint probability density”,
P(x,y), that X is equal to x and Y is equal to y. This joint probability density is
the product of the probability densities for each of the two independent random
variables, and we write this as P(x, y) = Px(x)Py(y). The probability that X falls
within the interval [a, b] and Y falls in the interval [c, d] is then

b pd
Prob(X € [a,b] and Y € [c,d]) = / / P(x, y)dydx

b d b d
=/ f Px(X)Py(y)dde=(/ PX(X)dX> (f Py(y)dy>

= Prob(X € [a, b]) x Prob(Y € [c, d]).

In general, if we have a joint probability density, P(x, ..., xy), for the N
variables X1, ..., Xy, then the expectation value of a function of the variables,
f(X1, ..., Xn), is given by integrating the joint probability density over all the
variables:

(f(Xl,...,XN)):/ FO e X PGy o xy)dxy - dxy. (1.6)

It is also worth noting that when two variables are independent, then the expec-
tation value of their product is simply the product of their individual expectation
values. That is

(XY) = (X)(Y). (1.7)
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1.3 Dependent random variables

Random variables, X and Y, are said to be dependent if their joint probability
density, P(x, y), does not factor into the product of their respective probability
densities.

To obtain the probability density for one of the variables alone (say X), we
integrate the joint probability density over all values of the other variable (in this
case Y). This is because, for each value of X, we want to know the total probability
summed over all the mutually exclusive values that ¥ can take. In this context, the
probability densities for the single variables are referred to as the marginals of the
joint density.

If we know nothing about the value of Y, then our probability density for X is
just the marginal

o
Px(x) :/ P(x, y)dy. (1.8)
—00
If X and Y are dependent, and we learn the value of Y, then in general this will
change our probability density for X (and vice versa). The probability density for
X given that we know that Y =y, is written P(x|y), and is referred to as the

conditional probability density for X given Y.

To see how to calculate this conditional probability, we note first that P(x, y)
with y = a gives the relative probability for different values of x given that Y = a.
To obtain the conditional probability density for X given that Y = a, all we have
to do is divide P(x, a) by its integral over all values of x. This ensures that the
integral of the conditional probability is 1. Since this is true for any value of y, we
have

PGxly) = i) (1.9)
f—oo P(x, y)dx
Note also that since
Py(y) :/ P(x, y)dx, (1.10)

if we substitute this into the equation for the conditional probability above
(Eq. (1.9)) we have

P(x,y)

P(x|y) = Pr(y)

, (1.11)

and further that P(x, y) = P(x|y)Py(y).
As an example of a conditional probability density consider a joint probability
density for X and Y, where the probability density for Y is a Gaussian with zero
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mean, and that for X is a Gaussian whose mean is given by the value of Y. In this
case X and Y are not independent, and we have

e~ (1/D(x—y)* e~ (1/2)y? e~ (1/D(x=y)*=(1/2)y*

P(x,y) = P(x|y)P(y) = N x N 27 '

(1.12)

where we have chosen the variance of Y, and of X given Y to be unity. Generally,
when two random variables are dependent, (XY) =£ (X)(Y).

1.4 Correlations and correlation coefficients

The expectation value of the product of two random variables is called the corre-
lation of the two variables. The reason that we call this quantity a correlation is
that, if the two random variables have zero mean and fixed variance, then the larger
the value of the correlation, the more the variables tend to fluctuate rogether rather
than independently; that is, if one is positive, then it is more likely that the other
is positive. The value of the correlation therefore indicates how correlated the two
variables are.

Of course, if we increase the variance of either of the two variables then the
correlation will also increase. We can remove this dependence, and obtain a quantity
that is a clearer indicator of the mutual dependence between the two variables by
dividing the correlation by 4/V(X)V (Y). This new quantity is called the correlation
coefficient of X and Y, and is denoted by Cxy:

Cxy = (XY) (1.13)

If the means of X and Y are not zero, then we can remove these when we calculate

the correlation coefficient, so as to preserve its properties. Thus, in general, the
correlation coefficient is defined as

Coy = (X — (XD — (YD) _ (XY) — (X>(Y>. (1.14)

VVX)V(Y) VVX)V(Y)

The quantity on the top line, (XY) — (X)(Y) is called the covariance of X and Y,

and is zero if X and Y are independent. The correlation coefficient is therefore zero

if X and Y are independent (completely uncorrelated), and is unity if X = cY, for

some positive constant ¢ (perfect correlation). If X = —cY, then the correlation

coefficient is —1, and we say that the two variables are perfectly anti-correlated.

The correlation coefficient provides a rough measure of the mutual dependence of

two random variables, and one which is relatively easy to calculate.
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1.5 Adding random variables together

When we have two continuous random variables, X and Y, with probability densi-
ties Px and Py, it is often useful to be able to calculate the probability density of
the random variable whose value is the sum of them: Z = X + Y. It turns out that
the probability density for Z is given by

Pz(Z) = / Px(S - Z)Py(S)dS = PX * Py, (115)

]

which is called the convolution of Py and Py [1]. Note that the convolution of two
functions, denoted by “x”, is another function. It is, in fact, quite easy to see directly
why the above expression for Pz(z) is true. For Z to equal z, then if ¥ = y, X must
be equal to z — y. The probability (density) for that to occur is Py(y)Px(z — y).
To obtain the total probability (density) that Z = z, we need to sum this product
over all possible values of Y, and this gives the expression for Pz(z) above.

It will be useful to know the mean and variance of a random variable that is the
sum of two or more random variables. It turns out that if X = X; + X,, then the

mean of X is
(X) = (X1) + (X2), (1.16)
and if X; and X, are independent, then
Vx = Vx, + Vx,. (1.17)

That is, when we add independent random variables both the means and variances
add together to give the mean and variance of the new random variable. It follows
that this remains true when we add any number of independent random variables
together, so that, for example, (Zflv:l X,) = Z,I,V:1 (Xn).

If you have ever taken an undergraduate physics lab, then you will be familiar
with the notion that averaging the results of a number of independent measurements
produces a more accurate result. This is because the variances of the different
measurement results add together. If all the measurements are made using the
same method, we can assume the results of all the measurements have the same
mean, i, and variance, V. If we average the results, X,,, of N of these independent
measurements, then the mean of the average is

N X N 1
Py = <Z W"> =) G =" (1.18)

n=1 n=1

But because we are dividing each of the variables by N, the variance of each goes
down by 1/N?. Because it is the variances that add together, the variance of the
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sum 1is

“x,] &v v
Vav_V[;W} _;W_N' (1.19)
Thus the variance gets smaller as we add more results together. Of course, it is
not the variance that quantifies the uncertainty in the final value, but the standard
deviation. The standard deviation of each measurement result is o = \/V , and
hence the standard deviation of the average is

O = o] — = —— (1.20)

The accuracy of the average therefore increases as the square root of the number
of measurements.

1.6 Transformations of a random variable

If we know the probability density for a random variable X, then it can be useful
to know how calculate the probability density for a random variable, Y, that is
some function of X. This is referred to as a transformation of a random variable
because we can think of the function as transforming X into a new variable Y. Let
us begin with a particularly simple example, in which Y is a linear function of X.
This means that ¥ = a X + b for some constants a and b. In this case it is not that
hard to see the answer directly. Since we have multiplied X by a, the probability
density will be stretched by a factor of a. Then adding b will shift the density by
b. The result is that the density for Y is Q(Y) = P(y/a — b/a)/a.

To calculate the probability density for ¥ = aX + b in a more systematic way
(which we can then use for much more general transformations of a random
variable) we use the fact that the probability density for Y determines the average
value of a function of Y, f(Y), through the relation

<ﬂm=/ PO)f()dy. (121)
Now, since we know that Y = g(X) = aX + b, we also know that
UW»=/IWMMM=/ PG fax +bydx.  (122)

Changing variables in the integral from x to y we have

o0

© 1
uw»=/ Hﬂﬂw+wm=5/1P@m—MMﬂWW-@%)

oo —00
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Thus the density for Y is

1
QW)= —Py/a—b/a). (1.24)

In addition, it is simple to verify that (Y) = a(X) + b and Vy = a*Vy.

More generally, we can derive an expression for the probability density of
Y when Y is an arbitrary function of a random variable. If ¥ = g(X), then we
determine the probability density for ¥ by changing variables in the same way as
above. We begin by writing the expectation value of a function of ¥, f(Y), in terms
of P(x). This gives

x=b
(FY)) = f P() f(g()dx. (1.25)

=a

where a and b are, respectively, the lower and upper limits on the values that X
can take. Now we transform this to an integral over the values of Y. Denoting the
inverse of the function g as g~!, so that X = g~!(Y), we have

y=g(b)

x=b
(f(Y)) = / P(x)f(g(x))dx = /

=a y=¢(@)

d
P(g~'(y) (ﬁ) FO)dy

y=g) p(o—1
Fdy = f &)

=0 (g ()
= _— dy. (1.26
‘/y‘ y=g(a) g/(gil(y» f(y) Y ( )

=g(a) g/(x)

We now identify the function that multiplies f(y) inside the integral over y as the
probability density for Y. But in doing so we have to be a little bit careful. If the
lower limit for y, g(a), is greater than the upper limit for y, then the probability
density we get will be negative to compensate for this inversion of the integral
limits. So the probability density is actually the absolute value of the function
inside the integral. The probability density for y is therefore

P -1
0(y) = (g (»)

= 1.27
g'(g7' ()| (127

One must realize also that this expression for Q(y) only works for functions that
map a single value of x to a single value of y (invertible functions), because in
the change of variables in the integral we assumed that g was invertible. For non-
invertible functions, for example y = x2, one needs to do the transformation of the
integral on a case-by-case basis to work out Q(y).
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1.7 The distribution function

The probability distribution function, which we will call D(x), of arandom variable
X is defined as the probability that X is less than or equal to x. Thus

X

D(x) = Prob(X <x) = / P(z) dz. (1.28)

—00
In addition, the fundamental theorem of calculus tells us that

_ dD(x)
P(x) = o (1.29)

1.8 The characteristic function

Another very useful definition is that of the characteristic function, y(s). The
characteristic function is defined as the Fourier transform of the probability density.
Thus before we discuss the characteristic function, we need to explain what the
Fourier transform is. The Fourier transform of a function P(x) is another function
given by

o

x(s) = f P(x)e™*dx. (1.30)
—00

The Fourier transform has many useful properties. One of them is the fact that it

has a simple inverse, allowing one to perform a transformation on x (s) to get back

P(x). This inverse transform is

o0
P(x) = 1 / x($)e™*ds. (1.31)
2w J_o

Another very useful property is the following. If we have two functions F(x)
and G(x), then the Fourier transform of their convolution is simply the product
of their respective Fourier transforms! This can be very useful because a product
is always easy to calculate, but a convolution is not. Because the density for the
sum of two random variables in the convolution of their respect densities, we now
have an alternate way to find the probability density of the sum of two random
variables: we can either convolve their two densities, or we can calculate the
characteristic functions for each, multiply these together, and then take the inverse
Fourier transform.

Showing that the Fourier transform of the convolution of two densities is the
product of their respective Fourier transforms is not difficult, but we do need to
use the Dirac §-function, denoted by 6(x). The Dirac §-function is zero everywhere
except at t = 0, where it is infinite. It is defined in such a way that it integrates to



1.8 The characteristic function 11

unity:

/OO S(x)dx = 1. (1.32)

o0

We get the §-function if we take the limit in which a function with fixed area
becomes increasingly sharply peaked about x = 0. If we shift the §-function so
that it is peaked at x = ¢, multiply it by another function, f(x), and integrate over
all space, this picks out the value of f(x) at x = c:

/ h 8(x — &) f(x)dx = f(c). (1.33)

The §-function can be rigorously defined using the theory of distributions (which
was introduced for this purpose) or using measure theory. The §-function is very
useful when using Fourier transforms. The §-function is the Fourier transform of
the constant function f = 1/(2x). That is
1 [> .
— e"dx = 8(s). (1.34)
27 J_oo
With the above results we can now show that the Fourier transform of the
convolution of two functions, P(x) and Q(x), is the product of their respective
Fourier transforms, xp(s) and x(s). Denoting the convolution of P(x) and Q(x)
as R(x) = P * Q, and using the definition of the Fourier transform, we have

o]

1 3 y |
= W //// XP(S/)e—zs yXQ(S//)e‘_” (x—y)emxds/ds,,dydx

_1 ix(s—s") iy(s"—s") / " r g
~ 2n) ¢ dx [ e dy | xp(s)xo(s")ds'ds

= [ s =556 = (s o5 s as”

XR(S) 2/ R(x)e**dx = /[/ P(y)O(x —y)dy] o5 dx

=f3(s—S”)XP(S")XQ(S”)dS” = xp($)xo(s), (1.35)

where all the integrals are from —oo to co.

One can also define the characteristic function for discrete random variables,
and it has all the same properties. To do this, we again use the handy §-function.
Let us say that we have a discrete random variable X, that takes the values «,,, for
n=1,2,..., N.If the probabilities for the values «, are P,, then we can write
a probability density for X using §-functions at the locations «,,. This probability
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density for X is

N
P(x) =) pad(x — ay). (1.36)
n=1

The characteristic function for X is then the Fourier transform of this probability
density:

o N N
xx(s) = / [Z Pud(x — an)} ¢*dx =) explisa)pa.  (1.37)
= [ h=1 n=1

Note that regardless of whether the characteristic function is for a continuous or
discrete random variable, one can always write it as the expectation value

xx(s) = (%), (138)
where X is the random variable. For a probability density for a set of random
variables, X1, ..., Xy, the characteristic function is

xx(s) = (%), (1.39)
where X = (X, ..., Xy) is the vector of random variables, and s = (s, ..., Sy).

1.9 Moments and cumulants

For a random variable X, the expectation value of X", (X"), is called the nth
moment. The moments can be calculated from the derivatives of the characteris-
tic function, evaluated at s = 0. We can see this by expanding the characteristic
function as a Taylor series:

v M0)s
x(s) = Zu (1.40)

n!
n=0

where x " (s) is the nth derivative of x(s). But we also have

o . o .
o isx\ (sX)"\ o @' (X")s"
X(S)_(elY )_<Z . _ZT (141)
n=0 n=0
Equating these two expressions for the characteristic function gives us
()
(xm =2 .( 3 (1.42)
"

The nth-order cumulant of X, «,,, which is a polynomial in the first » moments, is
defined as the nth derivative of the log of the characteristic function, also evaluated
at zero. The reason for this apparently rather odd definition is that it gives the



1.10 The multivariate Gaussian 13

cumulants a special property. If we add two random variables together, then the nth
cumulant of the result is the sum of the nth cumulants of the two random variables:
when we add random variables, all the cumulants merely add together. The first
cumulant is simply the mean, and the second cumulant is the variance. The next
two cumulants are given by

K3 = (X°) = 3(X*)(X) + 2(X)°, (1.43)
s = (X4 = 3(X3)% — 4(X(X) + 12(X)(X)? — 6(X)*. (1.44)

Note that the Gaussian probability density is special, because all cuamulants above
second order vanish. This is because the characteristic function for the Gaussian
is also a Gaussian. Taking the log cancels out the exponential in the Gaussian, and
we are left with a quadratic in s, so that the Taylor series stops after n = 2.

For probability densities that contain more than one variable, say x and y, the
moments are defined as (X" Y"™). When m = 0, these are the moments for X alone.
Whenn = m = 1 this is the correlation of X and Y, as defined in Section 1.2 above.

1.10 The multivariate Gaussian
It is possible to have a probability density for N variables, in which the marginal
densities for each of the variables are all Gaussian, and where all the variables may
be correlated. Defining a column vector of N random variables, x = (xq, ..., xy)7,
the general form of this multivariate Gaussian is

P(x) = exp |:—%(x — ' x— u)} ) (1.45)

1
Vv 2m)Ndet[I']

Here u is the vector of the means of the random variables, and I" is the matrix of
the covariances of the variables,

I = (XX") — (X)(X") = (XX") — pup". (1.46)

Note that the diagonal elements of I' are the variances of the individual variables.
The characteristic function for this multivariate Gaussian is

x(s) = /OO Px)exp(is-x)dx;...dxy

oo

= exp (—s'T's)exp (is - p), (1.47)

where s = (sq, ..., Sn).
It is also useful to know that all the higher moments of a Gaussian can be
written in terms of the means and covariances. Defining AX = X — (X), for a
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one-dimensional Gaussian we have

(AX?) = (22”_—1 1)!(Vx)"’
"=ln —1)!

(AX* 1y =0, (1.49)

(1.48)

forn=1,2,....

Further reading

A beautiful account of probability theory and its applications in inference, measure-
ment, and estimation (all being essentially the same thing), is given in Probability
Theory: The Logic of Science by E. T. Jaynes [1]. We also recommend the collec-
tion of Jaynes’ works on the subject, entitled E. T. Jaynes: Papers on Probability,
Statistics, and Statistical Physics [2]. Both Fourier transforms and distributions
(such as the §-function, also known as the “unit impulse”) are discussed in most
textbooks on signal processing. See for example the text Linear Systems by Sze
Tan [3], and Signals and Systems by Alan Oppenheim and Alan Willsky [4]. A
nice introduction to the theory of distributions is given in The Theory of Distribu-
tions: A Nontechnical Introduction by lan Richards and Heekyung Youn [5]. The
application of probability to information theory may be found in Shannon’s classic
book, The Mathematical Theory of Communication [6].

Exercises

1. From the joint probability given in Eq. (1.12), calculate the marginal probability density
for X, P(x). Also, calculate the conditional probability for ¥ given X, P(y|x).

2. From the joint probability given in Eq. (1.12), calculate (XY). From the marginals of
P(x,y), P(x) and P(y), obtain the expectation values (X) and (Y).

3. If Y = aX + b, show that (Y) = a(X) + b and Vy = a*Vy.

4. If X is a random variable with the Gaussian probability density

2

P(x) = e a7 (1.50)

2ol

then what is the probability density of Z = X??

5. (i) Calculate the characteristic function of the Gaussian probability density given in
Eq. (1.5). (ii) Use this characteristic function to calculate the probability density of the
sum of two random variables each with this Gaussian density. Hint: you don’t have to
calculate the inverse transform from the definition; you work it out directly from the
answer to (i).
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. Calculate the characteristic function for the probability density

1 :
= 2a
P(x) me , (1.51)
where x takes values in the interval (0, 00).
. The random variables X and Y are independent, and both have a Gaussian probability
density with zero mean and unit variance. (i) What is the joint probability density for
X and Z = X 4 Y? (ii) What is the conditional probability density for ¥ given Z?
Hint: use the fact that P(y|z) = P(z|y)P(y)/P(z). (Note: this relationship is called
Bayes’ theorem, and is the cornerstone of measurement theory, also known as statistical
inference [1].)
. The random variable X can take any value in the range (0, oo). Find a probability
density for X such that the probability density for ¥ = o X, where « is any positive
number, is the same as the density for X. Note that the probability density you get is not
normalizable (that is, its integral is infinite). This probability density is scale invariant,
and has uses in statistical inference, even though it is not normalizable [1].
. The two random variables X and Y have a joint probability density such that the point
(X, Y) is uniformly distributed on the unit circle.

(1) What is the joint probability density for X and Y?
(ii) Calculate (X), (Y) and (XY).
(iii) Are X and Y independent?
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Differential equations

2.1 Introduction

A differential equation is an equation that involves one or more of the derivatives
of a function. Let us consider a simple physical example. Say we have a toy train
on a straight track, and x is the position of the train along the track. If the train is
moving then x will be a function of time, and so we write it as x(z). If we apply a
constant force of magnitude F to the train, then its acceleration, being the second
derivative of x, is equal to F'/m, where m is the train’s mass. Thus we have the
simple differential equation
@ = E (2.1)
dt> m
To find how x varies with time, we need to find the function x(¢) that satisfies this
equation. In this case it is very simple, since we can just integrate both sides of the
equation twice with respect to ¢. This gives

x(t) = Ft?/2 4 at + b, (2.2)

where a and b are the constants of integration. These constants are determined by
the initial value of x, which we will denote by xy = x(0), and the initial value of
dx/dt, which we denote by vg. To determine b from xy and vg, one sets t = 0 in
Eq. (2.2). To determine a one differentiates both sides of Eq. (2.2) with respect to
time, and then sets ¢ = 0. The resulting solution is x(t) = Ft?/2 4 vot + xo.
Now let’s take a more non-trivial example. Let’s say we have a metal ball hanging
on the end of a spring. If we call the equilibrium position of the ball x = 0, then
the force on the ball is equal to —kx, where k is a positive constant and x is the
vertical deviation of the ball from the equilibrium position. Thus the differential
equation describing the motion of the ball (often called the equation of motion) is

d*x k

16
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We will show how to solve equations like this later. For now we merely note that
one solution is x(#) = x(0) cos(wt), where w = /k/m. This shows that the ball
oscillates up and down after being positioned away from the equilibrium point (in
this case by a distance x(0)). Both Eq. (2.1) and Eq. (2.3) are called second-order
differential equations, because they contain the second derivative of x.

2.2 Vector differential equations

We can change a second-order differential equation for some variable x into a
set of two differential equations that only contain first derivatives. To do this we
introduce a second variable, and set this equal to the first derivative of x. Using
as our example the differential equation for the ball on the spring, Eq. (2.3), we
now define p(¢) = mdx/dt, where m is the mass of the ball (so that p(¢) is the
momentum of the ball). We now have two first-order differential equations for the
two functions x(¢) and p(z):
N = <£> x. 2.4)
dt m dt m
The differential equation for x is simply the definition of p, and the differential
equation for p is obtained by substituting the definition of p into the original
second-order differential equation for x (Eq. (2.3)).
We can now write this set of first-order differential equations in the “vector

form”,
d (x - dx/dt . p/m B l 0 1 X
E<l’)=(dp/dl)_<—kx/m>_m (—k 0) (p) (2.5)

Defining x = (x, p)" and A as the matrix

1/0 1
A:Z(_k 0), 2.6)

we can write the set of equations in the compact form
. dx
X=—=
dt
If the elements of the matrix A do not depend on X, as in the equation above,
then this differential equation is referred to as a linear first-order vector differential
equation.

We can use a similar procedure to transform any nth-order differential equation
for x into a set of n first-order differential equations. In this case one defines n
variables, xi, ..., x,, with x; = x, and x,, = dx,,_/dt, for m =2, ..., n. The
definitions of the variables x; to x, give us n — 1 differential equations, and the

Ax. 2.7
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final differential equation, being the equation for dx, /dt = d"x/dt", is given by
substituting x, into the original nth-order differential equation for x.

2.3 Writing differential equations using differentials

We now introduce another way of writing differential equations, as this will be
most useful for the stochastic differential equations that we will encounter later.
Instead of focussing on the derivative of x at each time ¢, we will instead consider
the change in x in an infinitesimal time-step df. We will call this change dx. By
infinitesimal we mean a time-step that is small enough that only the first derivative
of x contributes significantly to the change that x experiences in that interval. The

change dx is given by
dx
dx = —dt. (2.8)
dt

We can write our differential equations in terms of dx and dt instead of using the
derivatives as we did above. Thus the differential equation given by Eq. (2.5) can
be written instead as

x\ _ (dx\ _ 1 pdt B 1 0 1 N
d(P)z(dP)_E(—kxdt>_;(_k 0) <p)df’ (2.9
or in the more compact form

dx = Axdt, (2.10)

where x = (x, p)T, and A is as defined in Eq. (2.6). The infinitesimal increments
dx, dt, etc., are called “differentials”, and so writing differential equations in this
way is often referred to as writing them in “differential form”.

2.4 Two methods for solving differential equations

The usual method of solving a first-order differential equation of the form

L 0w @.11)
_— = X .
ar ¢
is to divide by f(x), multiply by d¢, and then integrate both sides:
dx /
—— = [ gt)ydt +C, (2.12)
| 7

where C is the constant of integration. This constant is determined by the initial
condition after one has performed the integration and solved the resulting equation
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for x. This method is called “separation of variables”, because it works by separating
out all the dependence on x to one side, and the dependence on 7 to the other. It works
for linear first-order equations, as well as many nonlinear first-order equations. (An
equation is linear if it contains the variables and their derivatives, but not higher
powers or any more complex functions of these things.) We will need to use the
above method to solve nonlinear equations in later chapters, but for now we are
concerned only with the linear case.

We now present an alternative method for solving linear differential equations,
because this will be useful when we come to solving stochastic equations, and
helps to get us used to thinking in terms of differentials. Let’s say we have the
simple linear differential equation

dx = —yxdt. (2.13)

This tells us that the value of x at time ¢ 4 dt is the value at time ¢ plus dx.
That is

x(t+dt)=x(@t) —yx@t)dt = (1 — ydt)x(t). (2.14)

To solve this we note that to first order in d¢ (that is, when df is very small)
e%" ~ 1 4+ adt. We can therefore write the equation for x(¢ + dt) as

x(t +dt) = x(t) — yx(@)dt = e 7 x(1). (2.15)

This tells us that to move x from time ¢ to t 4+ dt we merely have to multiply x(z)
by the factor e 7%, So to move by two lots of dt we simply multiply by this factor
twice:

x(t+2dt)y=e7"x(t +dt) =7 [e77x()] = e x(1).  (2.16)

To obtain x(¢ + 7) all we have to do is apply this relation repeatedly. Let us say
that dt = t/N for N as large as we want. Thus dr is a small but finite time-step,
and we can make it as small as we want. That means that to evolve x from time ¢
to ¢t + t we have to apply Eq. (2.15) N times. Thus

x(t4+7) = (e 7YWVx(t) = e Tim iy (1) = e Nl (1) = eV Tx (1) (2.17)

is the solution to the differential equation. If y is a function of time, so that the
equation becomes

dx = —y(t)xdt, (2.18)

we can still use the above technique. As before we set df = t/N so that itis a
small finite time-step. But this time we have to explicitly take the limitas N — oo
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to obtain the solution to the differential equation:
x(t + ‘L’) = NIEI;O Hr]lvzle_)/(t-i-ndt)dtx(t)

. _ N
= Nh_r)nooe Sl yttndiyde ()

— = [Ty g, (2.19)

The equation we have just solved is the simplest linear differential equation. All
linear differential equations can be written in the form of Eq. (2.10) above, where
the matrix A is independent of x.

2.4.1 A linear differential equation with driving

We will shortly show how one solves linear differential equations when there is
more than one variable. But before we do, we consider the simple linear differential
equation given by Eq. (2.13) with the addition of a driving term. A driving term is
a function of time that is independent of the variable. So the single-variable linear
equation with driving is

d

X
== xS0, (2.20)

where f is any function of time. To solve this we first transform to a new variable,
y(t), defined as

y(t) = x(1)e”". (2.21)

Note that y(¢) is defined precisely so that if x(¢) was a solution to Eq. (2.13), then
y would be constant. Now we calculate the differential equation for y. This is

dy ay\ dx dy yt
(2 )= 4 Lo . 2.22
di <8x> ar T TS0 (2.22)

The equation for y is solved merely by integrating both sides, and the solution is

W) = yo + / ¢ f(s)ds, (223)
0

where we have defined yy as the value of y at time t = 0. Now we can easily obtain
x(t) from y(¢) by inverting Eq. (2.21). This gives us the solution to Eq. (2.20),
which is

t t
x(t) =xpe V' eV / e’ f(s)ds = xpe V' + / e VU7 f(s)ds.  (2.24)
0 0
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We can just as easily solve a linear equation when the coefficient y is a function of
time. In this case we transform to y(z) = x(¢) exp [['(¢)], where

t
F(t)z/ y(s)ds, (2.25)
0
and the solution is

t
x(1) = xpe 7O 4 ¢ TO / e f(s)ds. (2.26)
0

2.5 Solving vector linear differential equations

We can usually solve a linear equation with more that one variable,
X = AXx, (2.27)

by transforming to a new set of variables, y = Ux, where U is a matrix chosen so
that the equations for the new variables are decoupled from each other. That is, the
equation for the vector y is

y = Dy, (2.28)

where D is a diagonal matrix. For many square matrices A, there exists a matrix U
so that D is diagonal. This is only actually guaranteed if A is normal, which means
that AYA = AA'. Here A is the Hermitian conjugate of A, defined as the transpose
of the complex conjugate of A. If there is no U that gives a diagonal D, then one
must solve the differential equation using Laplace transforms instead, a method
that is described in most textbooks on differential equations (for example [7]).
If U exists then it is unitary, which means that UTU = UUT = I. The diagonal
elements of D are called the eigenvalues of A.

There are systematic numerical methods to find the U and corresponding D for a
given A, and numerical software such as Matlab and Mathematica include routines
to do this. If A is two-by-two or three-by-three, then one can calculate U and D
analytically, and we show how this is done in the next section.

If D is diagonal, so that

A O 0
0 A - 0
S 0

D= , (2.29)

0 0 0 xn
then for each element of y (each variable), y,, we have the simple equation

Y = AnYn, (2.30)
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and this has the solution y, () = y,(0)e*. The solution for y is thus

M0 e 0

0 e ... 0 5
o= . . [yo=vo, (231)

0 0 0 e

where we have defined the exponential of a diagonal matrix, e?’.

To get the solution for x(¢), we use the fact that U tU = I, from which it follows
immediately that x = Uy. Substituting this, along with the definition of y into the
solution for y, we get

x(t) = UTe?' Ux(0). (2.32)
Further, it makes sense to define the exponential of any square matrix A as
et =UTeP'U. (2.33)

To see why, first note that, by substituting x into the differential equation for y, we
find that

x = U'DUx, (2.34)
and thus At = UTDtU. Because of this, the power series
oo
At)" At (Ar)?
Z( L PGl MG A
n! 2 3!
n=0
; Utptuutpiu  (UTDtU)?
=14+U"'DtU + R
2 31
ut(pn*u Ut (DU
=14+ U'DtU + (D) (D)
2 3!
t (D> (D)
=U"(1+ Dt + + +.-- U
2 3!
=Utel'U. (2.35)

So UTeP'U corresponds precisely to the power series > "°(Ar)"/n!, which is the
natural generalization of the exponential function for a matrix Az. Since the above
relationship holds for all power series, the natural definition of any function of a
square matrix A is

fo) 0 0
) - 0
fa)=utfpyu = Ut J02) . N ZACED

0 0 0 fOu
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To summarize the above results, the solution to the vector differential equation

X = Ax, (2.37)
is
x(1) = e*'x(0), (2.38)
where
=\ (At
M = Z —— = UfeP'U. (2.39)

n

We can now also solve any linear vector differential equation with driving, just as
we did for the single-variable linear equation above. The solution to

x = Ax + f(z), (2.40)
where f is now a vector of driving terms, is

x(1) = e*'x(0) + / eI (5)dss. (2.41)
0

2.6 Diagonalizing a matrix

To complete this chapter, we now show how to obtain the matrices U and D for
a square N dimensional (N by N) matrix A. It is feasible to use this to obtain
analytical expressions for U and D when A is two dimensional, and for three
dimensions if A has a sufficiently simple form.

First we need to find a set of N special vectors, called the eigenvectors of A. An
eigenvector is a vector, v, for which

AV = Av, (2.42)

where X is a number (real or complex). To find all the eigenvectors we note that if
Eq. (2.42) is true, then

(A— Al =0, (2.43)

where [ is the N-dimensional identity matrix. This is true if and only if the
determinant of A — A/ is zero. The equation

det|A —AI| =0 (2.44)

is an Nth-order polynomial equation for A. This has N solutions, giving in general
N different eigenvalues. Note that some of the eigenvalues may be the same,
because the polynomial may have repeated roots. In this case there are fewer than
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N distinct eigenvalues, but so long as A is Hermitian symmetric there will always be
N distinct (and orthogonal) eigenvectors; each of the repeated roots will have more
than one corresponding eigenvector. For N = 2 and N = 3 there exist analytical
expressions for the roots of the polynomial, and thus for the eigenvalues. We will
denote the N eigenvalues as A;, i = 1,..., N (some of which may be repeated),
and the corresponding eigenvectors as v;.

For each distinct (unrepeated) eigenvalue, A;, one determines the corresponding
eigenvector by solving the equation

AV,‘ = )\.l'V,' , (245)

for v;. For an eigenvalue that is repeated m times (also known as a degenerate
eigenvalue), we solve the same equation, except that now the solution is an m-
dimensional vector space. In this case we then choose m-linearly independent
vectors in this space. On obtaining these vectors, the Gramm—Schmidt [8] orthog-
onalization procedure can then be used to obtain m mutually orthogonal vectors
that span the space. (If you are not familiar with vector spaces and the associ-
ated terminology, then this information can be obtained from a textbook on linear
algebra [7].)

Having followed the above procedure, we now have N mutually orthogonal
eigenvectors, v,, each with a corresponding eigenvalue, A,. All that remains to be
done is to divide each eigenvector by its norm, |v,| = /v, - V,, which gives us a
set of orthonormal eigenvectors, ¥, = v, /|v,|. Defining U by

U= %,...%y) (2.46)

(so that the columns of U are the orthonormal eigenvectors), and D by Eq. (2.29),
it is straightforward to verify that UU' = I and that D = UAU". It is also true,
though not as obvious, that U U =1.

Exercises
1. The equation for the damped harmonic oscillator is:

d’x dx
mﬁ + 2ymz +kx =0. (2.47)
Assume that y < /k/m, in the which the resonator is said to be “under-damped”. Show
that x(¢) = e~7" cos(wt)x(0) is a solution to Eq. (2.47), and find the expression for the
frequency w in terms of m, k and y.
2. Write Eq. (2.47) as a first-order vector differential equation.
3. Solve the linear vector differential equation

X = Ax (2.48)
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with
A= ( 0 o ) (2.49)

—w -y

Do this by calculating the eigenvectors and eigenvalues of the matrix A. Assume that

y <w.

. Use the answer to Exercise 3 above to write down the solution to the differential equation
o L S (2.50)
— —y— tox= . .
ar ~ Var

. Calculate the eigenvalues and eigenvectors of the matrix

2 0 /3
A= 0 2 ;—g (2.51)
P52
and use them to solve the differential equation
X = AX. (2.52)

. Use the power series for the exponential function to show that

e = cos(\)I + sin())o, (2.53)

0 1
a:(l 0) (2.54)

and / is the two-by-two identity matrix.

where
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Stochastic equations with Gaussian noise

3.1 Introduction

We have seen that a differential equation for x is an equation that tells us how x
changes in each infinitesimal time-step df. In the differential equations we have
considered so far, this increment in x is deterministic — that is, it is completely
determined at each time by the differential equation. Now we are going to consider
a situation in which this increment is not completely determined, but is a random
variable. This is the subject of stochastic differential equations.

It will make things clearest if we begin by considering an equation in which
time is divided into finite (that is, not infinitesimal) chunks of duration A¢. In this
case x gets a finite increment, Ax, during each time-chunk. Such an equation is
referred to as a discrete-time equation, or a difference equation, because it specifies
the difference, Ax, between x(¢) and x(¢ + At). Since time moves in steps of At,
x takes values only at the set of times #, = nAt, wheren =0, 1, ..., co.

Let us consider a discrete-time equation in which the change in x, Ax, is the
sum of a term that is proportional to x, and a “driving term” that is independent of
x. We will make this driving term a function of time, thus giving it the freedom to
be different at different times. The difference equation for x is

Ax(ty) = x(t,) At + f(tn)At (31)

where f(t,)At is the driving term.
Given the value of x at time #,,, the value at time 7,,, is then

x(t, + At) = x(t,) + Ax(t,) = x(t,) + x(t,) At + f(t,)At. (3.2)
If we know the value of x atr = 0, then
x(At) = x(0)(1 4+ Ar) + f(O)Atr. (3.3)

26
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Now, what we are really interested in is what happens if the driving term, f(z,)At
is random at each time t,,? This means replacing f(¢,) with a random variable, y,,
at each time 7,. Now the difference equation for x becomes

Ax(t,) = x(t,) At + y, At, 3.4)

and this is called a “stochastic difference equation”. This equation says that at each
time 7, we pick a value for the random variable y, (sampled from its probability
density), and add y, At to x(¢,). This means that we can no longer predict exactly
what x will be at some future time, 7', until we arrive at that time, and all the values
of the random increments up until 7 have been determined.

The solution for x at time Af is

x(At) = x(0)(1 + At) + yoAt. 3.5)

So x(At) is now a random variable. If x(0) is fixed (that is, not random), then x(At)
is just a linear transformation of the random variable yy. If x(0) is also random, then
x(At) is a linear combination of the two random variables x(0) and yy. Similarly,
if we go to the next time-step, and calculate x(2A¢), then this is a function of x(0),
yo and y;. We see that at each time then, the solution to a stochastic difference
equation, x(#,), is a random variable, and this random variable changes at each
time-step. To solve a stochastic difference equation, we must therefore determine
the probability density for x at all future times. Since x(z,) is a function of all
the noise increments y,, as well as x(0), this means calculating the probability
density for x from the probability densities for the noise increments (and from the
probability density for x(0) if it is also random). That is why we discussed summing
random variables, and making transformations of random variables in Chapter 1.

Stochastic differential equations are obtained by taking the limit Ar — 0 of
stochastic difference equations. Thus the solution of a stochastic differential equa-
tion is also a probability density for the value of x at each future time ¢. Just as in the
case of ordinary (deterministic) differential equations, it is not always possible to
find a closed-form expression for the solution of a stochastic differential equation.
But for a number of simple cases it is possible. For stochastic equations that cannot
be solved analytically, we can solve them numerically using a computer, and we
describe this later in Chapter 6.

The reason that differential equations that are driven by random increments at
each time-step are called stochastic differential equations is because a process that
fluctuates randomly in time is called a stochastic process. Stochastic differential
equations (SDEs) are thus driven by stochastic processes. The random increments
that drive an SDE are also referred to as noise.

In addition to obtaining the probability density for x at the future times z,,, we
can also ask how x evolves with time given a specific set of values for the random
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increments y,. A set of values of the random increments (values sampled from their
probability densities) is called a realization of the noise. A particular evolution for
x given a specific noise realization is called a sample path for x. In addition to
wanting to know the probability density for x at future times, it can also be useful
to know what properties the sample paths of x have. The full solution to an SDE is
therefore really the complete set of all possible sample paths, and the probabilities
for all these paths, but we don’t usually need to know all this information. Usually
all we need to know is the probability density for x at each time, and how x at
one time is correlated with x at another time. How we calculate the latter will
be discussed in Chapter 4. Note that since the solution to an SDE, x(¢), varies
randomly in time, it is a stochastic process. If one wishes, one can therefore view
an SDE as something that takes as an input one stochastic process (the driving
noise), and produces another.

3.2 Gaussian increments and the continuum limit

In this chapter we are going to study stochastic differential equations driven by
Gaussian noise. By “Gaussian noise” we mean that each of the random increments
has a Gaussian probability density. First we consider the simplest stochastic dif-
ference equation, in which the increment of x, Ax, consists solely of the random
increment y, At. Since Gaussian noise is usually called Wiener noise, we will call
the random increment AW,, = y, At. The discrete differential equation for x is thus

Ax(ty) = AW,. (3.6)

Each Wiener increment is completely independent of all the others, and all have
the same probability density, given by

P(AW) = L awres (3.7)
2mo?
This density is a Gaussian with zero mean, and we choose the variance to be o=
V = At. This choice for the variance of the Wiener increment is very important,
and we will see why shortly. We will often denote a Wiener increment in some
time-step At simply as AW, without reference to the subscript n. This notation is
convenient because all the random increments have the same probability density,
and even though independent of each other, are in that sense identical.
We can easily solve the difference equation for x simply by starting with x(0) =
0, and repeatedly adding Ax. This gives the solution
n—1
X, = x(nAt) = Z AW,. (3.8)
i=0
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So now we need to calculate the probability density for x,,. Since we know from
Exercise 5 in Chapter 1 that the sum of two Gaussian random variables is also a
Gaussian, we know that the probability density for x, is Gaussian. We also know
that the mean and variance of x,, is the sum of the means and variances of the AW;,
because the AW, are all independent (see Section 1.5). We therefore have

(xn) =0, (3.9
V(x,) = nAt, (3.10)
and so
1 —x2/@V 1 —x2/@2nA
P(x,) = e /Y = e~ /AN, (3.11)

27V V2mnAt

We now need to move from difference equations to differential equations. To do
so we will consider solving the difference equation above, Eq. (3.6), for a given
future time 7', with N discrete time-steps. (So each time-step is At = T /N.) We
then take the limit as N — oo. Proceeding in the same way as above, the solution
x(T) is now

N-1

T
x(T)= lim > AW, E/ dW(t) = W(T). (3.12)
i=0 0

N—oo 4

Here we define a stochastic integral, W(T ) = fOT dW (t), as the limit of the sum of
all the increments of the Wiener process. A stochastic integral, being the sum of a
bunch of random variables, is therefore a random variable. The important thing is
that in many cases we can calculate the probability density for this random variable.
We can easily do this in the case above because we know that the probability density
for x(T') is Gaussian (since it is merely the sum of many independent Gaussian
variables). Because of this, we need only to calculate its mean and variance. The
mean is zero, because all the random variables in the sum have zero mean. To
calculate the variance of x(7) it turns out that we don’t even need to take the limit
as N — oo because N factors out of the expression:

N-1 N-1
T
V(x(T)) = VIAW;] = At =NAt=N (—) =T. (3.13)
The probability density for W(T') is therefore
1
P(W(T)) = P(x(T)) = P(x,T) = ———e¢ /@D, (3.14)

V2T

Note that when writing the integral over the Wiener increments, we have included
t explicitly as an argument to d W, just to indicate that d W changes with time. We
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will often drop the explicit dependence of dW on ¢, and just write the stochastic
integral as

T
W(T):/ dw. (3.15)
0

While we often loosely refer to the increments d W as the “Wiener process”, the
Wiener process is actually defined as W(T'), and dW is, strictly speaking, an
increment of the Wiener process.

The fact that the variance of x(7') is proportional to 7 is a result of the fact
that we chose each of the Wiener increments to have variance At. Since there is
one Wiener increment in each time step At, the variance of x grows by precisely
At in each interval At¢, and is thus proportional to . So what would happen if
we chose V[AW(At?)] to be some other power of At? To find this out we set
VIAW(At)] = At* and calculate once again the variance of x(7) (before taking
the limit as N — o0). This gives

N-1

o T ¢ — o
V(x(T)) = ; VIAW;] = N(At)* = N (ﬁ) = NI=9T1%  (3.16)

Now we take the continuum limit N — 00 so as to obtain a stochastic differential
equation. When « is greater than one we have

lim V(x(T))=T% lim N'~® =0, (3.17)
N—oo N—oo
and when « is less than one we have
lim V(x(T)) =T% lim N'% - oo. (3.18)
N—o00 N—oo

Neither of these make sense for the purposes of obtaining a stochastic differential
equation that describes real systems driven by noise. Thus we are forced to choose
o = 1 and hence V(AW,) o At.

When we are working in the continuum limit the Gaussian increments, d W, are
referred to as being infinitesimal. A general SDE for a single variable x(#) is then
written as

dx = f(x,t)dt + g(x, H)dW. (3.19)

Since the variance of d W must be proportional to d¢, and since any constant of
proportionality can always be absorbed into g(x, t), the variance of d W is defined
to be equal to dt. We can therefore write the probability density for dW as

e~ (dW)*/(2d1)

PUW) = —7=

(3.20)
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To summarize the main result of this section: if we have an SDE driven by
an infinitesimal increment d W in each infinitesimal interval d¢, then if all the
increments are Gaussian, independent and identical, they must have variance
proportional to dt.

3.3 Interlude: why Gaussian noise?

In this chapter we consider only noise that is Gaussian. This kind of noise is
important because it is very common in physical systems. The reason for this is a
result known as the central limit theorem. The central limit theorem says that if one
sums together many independent random variables, then the probability density of
the sum will be close to a Gaussian. As the number of variables in the sum tends
to infinity, the resulting probability density tends exactly to a Gaussian. The only
condition on the random variables is they all have a finite variance.

Now consider noise in a physical system. This noise is usually the result of many
random events happening at the microscopic level. This could be the impacts of
individual molecules, the electric force from many electrons moving randomly in
a conductor, or the thermal jiggling of atoms in a solid. The total force applied
by these microscopic particles is the sum of the random forces applied by each.
Because the total force is the sum over many random variables, it has a Gaussian
probability density. Since the microscopic fluctuations are usually fast compared to
the motion of the system, we can model the noise as having a Gaussian probability
density in each time-step Af, where At is small compared to the time-scale on
which the system moves. In fact, assuming that the noise increments are com-
pletely independent of each other from one infinitesimal time-step to the next is
really an idealization (an approximation) which is not true in practice. Neverthe-
less, this approximation works very well, and we will explain why at the end of
Section 4.6.

From a mathematical point of view, simple noise processes in which the ran-
dom increment in each time interval d¢ is independent of all the previous ran-
dom increments will usually be Gaussian for the same reason. This is because
the random increment in each small but finite time interval Af is the sum over
the infinite number of increments for the infinitesimal intervals df that make
up that finite interval. There are two exceptions to this. One is processes in
which the random increment in an infinitesimal time-step dt is not necessar-
ily infinitesimal. The sample paths of such processes make instant and discrete
jumps from time to time, and are thus not continuous. These are called jump or
point processes, and we consider them in Chapter 8. Jump processes are actually
quite common and have many applications. The other exception, which is much
rarer in nature, happens when the noise increments remain infinitesimal, as in
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Gaussian noise, but are drawn from a probability density with an infinite variance
(one that avoids the central limit theorem). These processes will be discussed in
Chapter 9.

3.4 Ito calculus

We saw in the previous section that the increments of Wiener noise, d W, have
a variance proportional to df. In this section we are going to discover a very
surprising consequence of this fact, and the most unusual aspect of Wiener noise
and stochastic equations. To set the stage, consider how we obtained the solution
of the simple differential equation

dx = —yxdt. (3.21)

We solved this equation in Section 2.4 using the relation ¢*? ~ 1 + adt. This
relation is true because dr is a differential — that is, it is understood that when
calculating the solution, x(¢), we will always take the limit in which dr — 0, just
as we did in solving the simple stochastic equation in the previous section (in fact,
we can regard the use of the symbol d¢ as a shorthand notation for the fact that this
limit will be taken). The approximation ¢*¥ & 1 4+ adt works because the terms
in the power series expansion for ¢*? that are second-order or higher in dt (dt?,
dt3, etc.) will vanish in comparison to dt as dt — 0.

The result of being able to ignore terms that are second-order and higher in
the infinitesimal increment leads to the usual rules for differential equations. (It
also means that any equation we write in terms of differentials dx and dt can
alternatively be written in terms of derivatives.) However, we will now show that
the second power of the stochastic differential d W does not vanish with respect
to dt, and we must therefore learn a new rule for the manipulation of stochastic
differential equations. It will also mean that we cannot write stochastic differential
equations in terms of derivatives — we must use differentials.

Solving a differential equation involves summing the infinitesimal increments
over all the time-steps dt. To examine whether (d W)? makes a non-zero contribu-
tion to the solution, we must therefore sum (d W)? over all the time-steps for a finite
time 7T'. To do this we will return to a discrete description so that we can explicitly
write down the sum and then take the continuum limit.

The first thing to note is that the expectation value of (AW)? is equal to the vari-
ance of AW, because (AW) = 0. Thus ((AW)?) = At. This tells us immediately
that the expectation value of (A W)? does not vanish with respect to the time-step,
At, and so the sum of these increments will not vanish when we sum over all the
time-steps and take the infinitesimal limit. In fact, the expectation value of the sum
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of all the increments (d W)? from O to T is simply 7':

T T T
< / (dW)2>: / ((dW)?) = / dt =T. (3.22)
0 0 0

Now let us see what the variance of the sum of all the (AW)? is. As we will
see shortly, this drops to zero in the continuum limit, so that the integral of all the
(dW)? is not random at all, but deterministic! The reason for this is exactly the
same reason that the variance of the average of N independent identical random
variables goes to zero as N tends to infinity (see Section 1.5). If we sum N random
variables together, but divide each by N so as to keep the mean fixed as N increases,
then the variance of each variable drops as 1/N?2. Because of this the sum of the N
variances goes to zero as N — oo. This is exactly what happens to the sum of all
the (AW)?, since the mean of each is equal to At = T/N. The sum of the means
remains fixed at the total time interval 7T = N At, but the sum of the variances
drops as 1/N.

To explicitly calculate the variance of fOT(d W)?, we note that since ((AW)?)
is proportional to At, the variance of (AW)?> must be proportional to (At)%. (We
can in fact calculate it directly using the probability density for AW, and the
result is V[(AW)?] = 2(At1)?.) So, as discussed above, the variance of (AW)? is
proportional to 1/N?:

2 2 I
VI(AW)] = 2(At)” = Zm. (3.23)

The variance of the sum of all the (AW)? is thus

N-1 , N-1 , N-1 , T\2 272
1% LZ:(:)(AW) } =Y V[AaWw)]=> 2(At} =2N (ﬁ> =5

n= n=0
(3.24)
And hence the integral of all the (dW)? is
N—1 2T2
li AW | = lim =— =0. 2
N1—r>nooV |:2_(;( W):| N1—r>noc N 0 (3:25)

Since the integral of all the (d W)? is deterministic, it is equal to its mean, 7. That is,

T T
/ dW)yY =T =/ drt. (3.26)
0 0

Thus we have the surprising result that d W? = dt, a result officially known as Ito’s
lemma. We will refer to it here as Ito’s rule. It is the fundamental rule for solving
stochastic differential equations that contain Gaussian noise.
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The Probability Density for (AH-")Q
3 T T T T T

0 0.5 1 15 2 25
(AW)?

Figure 3.1. The probability density for (AW)?. The mean is ((AW)?) = At.

(4]

If you are not convinced that (d W)? = dt merely by calculating the variance of
the integral of (d W)2, as we have done above, we can do much better than this.
It is not difficult to calculate the entire probability density for the integral of all
the (dW)?, and this shows us that the integral is exactly equal to the time interval
T. To do this we use the characteristic function. Let us denote the nth square
increment, (AW,)?, as Z,, and the sum of the square increments as the random
variable Y (T):

N—1 N—1
Y(T) = Z Z, = Z[AW,,]Z. (3.27)
n=0 n=0

To calculate the probability density of Y (7'), we need to know first the probability
density for Z, = (AW,)?. Using the probability density for AW (Eq. (3.7)) and
the method for applying a transformation to a random variable as described in
Section 1.6, we obtain

e~ Zn/2A1)

J8TALZ,

This probability density is shown in Figure 3.1. We now take the Fourier transform
of this to get the characteristic function, which is

P(Z,) = (3.28)

1 1
J1—2isAt  JT—=2isT/N’

Xz, (s) = (3.29)

The characteristic function for Y(T) = Z:’:l Z,, is then the product of the

characteristic functions for each of the Z,. Hence

1 N
Xy(s) = [m} . (3.30)
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Now we can quite easily take the continuum limit, which is

N . N
)= lim | — lim |14 BT ST (331)
s) = e = e . .
X N | T—2sT/N| — wvoee N

In the first step we have used the binomial approximation for the square root,

V1i—x=14x/2, (3.32)

because N is large. In the second step we have used the definition of the exponential
function, e¢* = limy_,o(1 + x/N)". Finally, we can now obtain the probability
density for Y (7') by taking the inverse Fourier transform. This gives

1 [~ . I [ .
PO = 5 f e (s = / TN ds = 8T — ). (3.33)
—0 —00

The probability density for Y at time 7 is thus a delta function centered at 7.
Recall from Chapter 1 that a delta function 6(x — a) is an infinitely sharp function
which is zero everywhere except at x = a. It is infinitely tall at x = a so that
the area underneath it is unity: ffooo 8(x —a)dx = 1. The fact that the probability
density for Y is a delta function centered at 7" means that Y is exactly 7" and has
no randomness.

Summary: we have now seen that the result of summing the Wiener increments
(AW)?2, in the infinitesimal limit, over the time interval T is simply 7. This is just
what we get if we sum dt over the same time interval. Thus, we have the surprising
result that, in the continuum limit,

(dW)? = dt. (3.34)

This relation, which we will refer to as Ifo’s rule, is a departure from the usual rules
of calculus. This means that whenever (d W)? appears in the process of solving a
stochastic differential equation (SDE), it cannot be discarded, as can terms that are
second and higher order in df. However, it turns out that all other terms, such as
products of the form d¢#"d W™, do vanish in the infinitesimal limit. The only terms
that ever contribute to the solution of an SDE are dt, dW and (d W)?2. Thus Ito’s
rule is the only additional rule that we will need to know to manipulate SDEs. The
calculus of stochastic differential equations (at least in the form we have derived it
here) is called Ito calculus.

3.5 Ito’s formula: changing variables in an SDE

In solving ordinary differential equations in Chapter 2 we were able to ignore terms
that were higher than first order in dz. Now that we are working with stochastic
differential equations we will have to keep all terms that are first order in dt and
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dW, and all terms that are second order in dW. In fact, wherever we find terms
that are second order in d W we can simply replace them with dz. We need to do
this any time we have an SDE for a variable x, and wish to know the resulting SDE
for a variable that is some function of x. To see how this works, consider a simple
example in which we want to know the differential equation for y = x?.

We must first work out the relationship between the increment of y, dy and the

increment of x. We have
dy = y(t +dt) — y(t) = x(t +dt)* — x(1)*
= (x +dx)* — x?
= x% 4 2xdx + (d)c)2 —x?
= 2xdx + (dx)*. (3.35)
We see from this example that when we have a nonlinear function of a stochastic
variable x, the second power of dx appears in the increment for that function. If x

were deterministic then (dx)*> would vanish in the continuum limit, and we would
have the usual rule of calculus, being
dy

dy = 2xdx or — =2x. (3.36)
dx

However, when x obeys the stochastic differential equation
dx = fdt 4+ gdW, (3.37)
we have
dy = 2xdx + (dx)?
= 2x(fdt + gdW) + g*(dW)*
= (2fx + g>)dt + 2xgdW. (3.38)
This is Ito’s rule in action.
Fortunately there is a simple way to calculate the increment of any nonlinear

function y(x) in terms of the first and second powers of the increment of x. All we
have to do is use the Taylor series expansion for y(x), truncated at the second term:

af °f 2
dy=—)d dx 3.39
y ( dx) x+ = ( o 2)( )" (3.39)
If y is also an explicit function of time as well as x, then this becomes
af af d’f 2
dy = dx dt dx)”. 3.40
y <8x> +(at> + = (dz (dx) (3.40)

We will refer to Eqgs. (3.39) and (3.40) as Ito’s formula.
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3.6 Solving some stochastic equations
3.6.1 The Ornstein—-Uhlenbeck process

We now turn to the problem of obtaining analytic solutions to stochastic differential
equations. It turns out that there are very few that can be solved analytically, and
we will examine essentially all of these in this chapter. The first example is that of
a linear differential equation driven by “additive noise”. This is

dx = —yxdt + gdW. (3.41)

The term ‘““additive noise” refers to the fact that the noise does not itself depend
on x, but is merely added to any other terms that appear in the equation for
dx. This equation is called the Ornstein—Uhlenbeck equation, and its solution is
called the Ornstein—Uhlenbeck process. To solve Eq. (3.41) we note first that we
know the solution to the deterministic part of the equation dx = —yxd¢, being
x(t) = xpe~". We now change variables in the SDE to y = xe”’ in the hope that
this will simplify the equation. We can use Ito’s formula for changing variables, as
given in Eq. (3.40), but you may also find it instructive to do it explicitly. The latter
method gives

dy = y(x(t +dt),t +dt) — y(¢)
=y(x +dx,t +dt)— y(t)
= (x 4 dx)e? T _ xev!
= xe""ydt + "' (1 + ydt)dx
=xe"'ydt + e"'dx
= yydt +e"'dx. (3.42)
In this calculation we have used the fact that the product of any infinitesimal
increment with dt is zero. Substituting this expression for dy into the SDE for x
gives
dy = yydt +e"'dx
= yydt + e’ (—yxdt + gdW)
= ge"'dW. (3.43)
Now we have an equation that is easy to solve! To do so we merely sum all the

stochastic increments d W over a finite time ¢, noting that each one is multiplied by
ge’'. The result is

y(t) = yo + g/ e’ dW(s). (3.44)
0



38 Stochastic equations with Gaussian noise

This may look rather strange at first. So what is this stochastic integral? Well, it
is a sum of Gaussian random variables, so it is itself merely a Gaussian random
variable. Thus all we need to do is calculate its mean and variance. To do so we
return to discrete time-steps so that we can calculate everything explicitly as we
have done before. Thus we have
N-1
Y(t)=y(NAD) = yo + lim g Y " AW, (3.45)
N—00 e

where we have defined Ar =¢/N. The variance of Y(¢) is simply the sum of
the variances of each of the random variables given by Y, = ge?"2’ AW,,. Since
multiplying a random variable by a number ¢ changes its variance by a factor of
2, the variance of Y, is g2e?’" At. So we have

N—-1
VIyol= lim » g’ Ar,
n=0

t 2
= g / Arids = 5 (@ 1), (3.46)
0 4

Similar reasoning shows that the mean of the stochastic integral in Eq. (3.44) is
zero, and so (y(¢)) = yo. This completely determines y(z).

To obtain the solution of our original differential equation (Eq. (3.41)), we
transform back to x using x = ye~"’. The solution is

t t
x(t) = xpe 7' + ge ! / " dW(s) = xpe 7" + g/ e’CTAW(s).  (3.47)
0 0

It is worth noting that the solution we have obtained is exactly the same solution
that we would get if we replaced the driving noise by a deterministic function of
time, f(¢). This would mean replacing d W with f(¢)dt. The solution has exactly the
same form because the method we used above to solve the stochastic equation was
exactly the same method that we used in Chapter 2 to solve the same equation but
with deterministic driving. That is, to solve this stochastic equation we do not need
to use Ito calculus — normal calculus is sufficient. This can be seen immediately by
noting that nowhere did (d W)? appear in the analysis, because d*y/dx* = 0. This is
always true if the term giving the driving noise in the equation (the term containing
dW) does not contain x. When the driving noise does depend on x, then we cannot
obtain the solution by assuming that d W = f(¢)dt for some deterministic function
f(t), and must use Ito calculus to get the solution. In the next section we show how
to solve the simplest equation of this type.

We can also solve the Ornstein—Uhlenbeck stochastic equation when y and g
are functions of time, using essentially the same method. That is, we change to a
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new variable that has the deterministic part of the dynamics removed, and proceed
as before. We leave the details of the derivation as an exercise. The solution in this
case 1s

t
x(1) = xpe 7O + / O TOe()dW(s), (3.48)
0

where

F(t):f y(s)ds. (3.49)
0

3.6.2 The full linear stochastic equation

This is the equation
dx = —yxdt 4+ gxdW. (3.50)

To solve it we can do one of two things. We can change variables to y = Inx, or
we can use the more direct approach that we used in Section 1.2. Using the latter
method, we rewrite the differential equation as an exponential:

x(t+dt) =x +dx =[1 — ydt + gdW]x = ¢ lr&"/2di+gdW (3.51)

where we have been careful to expand the exponential to second order in d W. We
now apply this relation repeatedly to x(0) to obtain the solution. For clarity we
choose a finite time-step At = ¢t/N, and we have

N—o00

N
x(t) = lim (]‘[e(y+g2/2>A’+8AWn) x(0)
n=1

n

S T _ 2
—Nh_r)réoexp{ (y+¢g /2)NAt+gZAWn}x(O)

= exp {—(y + g%/t —i—g/ dW} x(0)
0

= T/ DWW (), (3.52)

The random variable x(¢) is therefore the exponential of a Gaussian random vari-
able.

We can use the same method to solve the linear stochastic equation when y and
g are functions of time, and we leave the details of this calculation as an exercise.
The solution is

x(t) = e "OTHOTZOx(0), (3.53)
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where

F(t):/ y(s)ds, (3.54)
0

H(t) = (1/2) / g% (s)ds, (3.55)
0

and Z(t) is the random variable

Z(t)=/ g(s)dW(s). (3.56)
0

3.6.3 Ito stochastic integrals

To summarize the results of Section 3.6.1 above, the stochastic integral

N—1

(1) = / f$)dW(s) = lim Y fnAnAW,, (3.57)
0 —00 o

where f(¢) is a deterministic function, is a Gaussian random variable with mean
zero and variance

V)] = / F2(s)ds. (3.58)
0

We now pause to emphasize an important fact about the stochastic integral in
Eq. (3.57). Each term in the discrete sum contains a Wiener increment for a time-
step Atr, multiplied by a function evaluated at the start of this time-step. This is
a direct result of the way we have defined a stochastic differential equation — in
fact, solutions to stochastic differential equations, as we have defined them, always
involve integrals in which the function in the integral (the integrand) is evaluated
at the start of each time-step. This has not been too important so far, but will
become important when the integrand is itself a sum of Wiener increments. For
example, if f(z) were itself a stochastic process, then it would be a function of all
the increments AW; up until time 7. So the fact that f(7) is evaluated at the start
of the interval means that, for every term in the sum above, AW, is independent of
all the increments that contribute to f(nAt). Because of this we have

(f(nADAW,) = (f(nAD)(AW,) =0, (3.59)

and thus (/(z)) = 0, even if f(¢) is a stochastic process. This will be important
when we consider multiple stochastic integrals in Section 3.8.3, and modeling
multiplicative noise in real systems in Section 5.3.

There are, in fact, other ways to define SDEs so that the resulting stochastic
integrals are not defined in terms of the values of the integrand at the start of
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each interval. They could, for example, be defined in terms of the values of the
integrand in the center of each integral, or even at the end of each interval. Because
there is more than one way to define a stochastic integral, those in which the inte-
grand is evaluated at the start of each interval are called /fo stochastic integrals, and
the corresponding SDEs [Ito stochastic equations. The other versions of stochastic
equations are much harder to solve. The main alternative to the Ito stochastic inte-
gral is called the Stratonovich integral, and as we will see in Section 5.3, this is
useful for a specific purpose. Nevertheless, we note now that the alternative ways
of defining stochastic integrals, and thus of defining SDEs, all give the same overall
class of solutions — the various kinds of SDEs can always be transformed into Ito
SDEs.

3.7 Deriving equations for the means and variances

So far we have calculated the means and variances of a stochastic process, x, at
some time ¢, by first solving the SDE for x to obtain the probability density P(x, t).
However, there is another method that is sometimes useful if we are only interested
in the low moments. If we have the SDE

dx = f(x,0dt + g(x, )dW (3.60)

then we can obtain the differential equation for the mean of x by taking averages
on both sides. This gives

dix) = (dx) = (f(x,1))dt (3.61)
because (d W) = 0. We can rewrite this as
d
ﬂ = (f(x, t))dt. (3.62)
dt
As an example of using this trick consider the linear SDE
dx = —yxdt 4+ BxdW. (3.63)
We immediately obtain the equation for the mean, being
d(x)
R A ) 3.64
pr y (x) (3.64)
Thus
(x(®)) = e 7" (x(0)). (3.65)

To get the equation for the second moment, we first need to calculate the equation
for x2. This is

d(x?) = —2yx*dt +2Bx2dW + B>x%dt. (3.66)
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By taking the mean on both sides we get the differential equation for (x?), which
is

d(x?) = =2(y — BH(x%)dt. (3.67)
We can now obtain the differential equation for the variance, by first noting that
dv, dx* dx)? d{x?) d(x)
= = 2({x)——. 3.68
dt dt + dt dt +24x) dt (5.68)

So using the differential equations that we have derived for the mean and second
moment, that for the variance is
dv,
T =2y = BHG) =2y ()7 = =2y — BV — 22y — B)(x)”.

(3.69)

Since we know (x(¢)) we can solve this using the techniques in Chapter 2.

In general, for a nonlinear stochastic equation, the equation of motion for the
mean will contain the second moment(s), and those for the second moments will
include the third moments, and so. The result is an infinite hierarchy of equations,
which cannot be solved exactly.

3.8 Multiple variables and multiple noise sources
3.8.1 Stochastic equations with multiple noise sources

Stochastic equations can, of course, be driven by more than one Gaussian noise
source. These noise sources can be independent, or mutually correlated, but as we
now explain, all correlated Gaussian noise sources can be obtained in a simple way
from independent sources. We can solve stochastic differential equations driven
by two (or more) independent Wiener noises using the same methods as those
described above for a single noise source, along with the additional rule that the
product of the increments of different noise sources are zero. As an example, to
solve the equation

dx = f(x,t)dt + g1(x, t)dW; + g2(x, t)d W, (3.70)

the Ito rules are
(dW))* = (W)’ = dt1, 3.71)
dWidW, = 0. (3.72)

To obtain two Wiener noise processes that are correlated, all we need to do is
to form linear combinations of independent Wiener processes. If we define noise
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sources dV; and d'V, by

dVl - M dW] . \/1 — 7]2 n dW1 (3 73)
dV2 o sz o n \/1 —7}2 dW2 ’ )

with —1 < n < 1, then dV; and dV, are correlated even though d W, and d W, are
not. The covariance matrix for dW; and dW, is Idt (where I is the two-by-two
identity matrix), and that for dV; and d'V; is

( (dV1)?) (dVldV2>> _ <<dV1> dvy, dV2)>
(

dvidVy)  ((dV»)?) A%
[ dW, r(dWy, dWy)
=Gt ) )
1 C
= <C 1>dt, (3.74)
where
C=ny1-—n2 (3.75)

Since the means of d V| and d V; are zero, and because we have pulled out the factor
of dt in Eq. (3.74), C is in fact the correlation coefficient of dV; and d V5.

The set of Ito calculus relations for dV; and dV, are given by essentially the
same calculation:

( dVy)? dVldV2> _ (dW1> @ dwa)

dVvidVy, (dV;)? dw,
=(é f)dr. (3.76)

If we have a stochastic equation driven by two correlated noise sources, such as
dx = f(x,0)dt + gi1(x, )dVi + g2(x, 0)dVy = f(x,0)dt +g-dV,  (3.77)

withdV = (dV;, dV,)T, then we can always rewrite this in terms of the uncorrelated
noises:

dx = f(x,0)dt +g-dV = f(x,1)dt + g"MAW, (3.78)

where we have defined dW = (d Wy, d W»)".

More generally, we can always write N correlated Gaussian noise processes,
dV, in terms of N independent Wiener processes, dW. If we want the processes
dV to have the covariance matrix C, so that

dvdv' = Cdt, (3.79)
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then we define
dV = MdW, (3.80)

where M is the square root of C. One can calculate the symmetric matrix M
from C by using the definition of a function of a matrix given in Chapter 2: one
diagonalizes C and then takes the square root of all the eigenvalues to construct
M. (Note. Actually M does not have to be symmetric. If M is not symmetric, then
C=MM")

To summarize, when considering stochastic equations driven by multiple Gaus-
sian noise sources, we only ever need to consider equations driven by independent
Wiener processes.

3.8.2 Ito’s formula for multiple variables

A general Ito stochastic differential equation that has multiple variables can be
written in the vector form

dx = f(x, t)dt + G(x, 1) dW. (3.81)

Here x, f, and dW are the vectors

X1 fl(X, t) dw;
X2 f2(xa t) dW2

x=|" — _ aw=| |, (3.82)
XN fN(X, t) dWM

where the d W; are a set of mutually independent noise sources. They satisfy

The symbol G is the N x M matrix

Gux, 1) Gt ... Guxi1)
Gu(x,1) Gun(x,1) ... Goy(x,1)

G(x,t) = . . ) (3.84)
Gyi(x, 1) Gya(x,t) ... Gnu(x, 1)

To determine Ito’s formula for transforming stochastic equations involving mul-
tiple variables, all we have to do is use the multi-variable Taylor expansion. Let us
say that we wish to transform from a set of variables x = (x1, ..., xy)T, to a set of
variables y = (yy, ..., y.)T, where each of the y; is a function of some or all of the
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x;, and of time, 7. Using the Taylor expansion we have

N N
8l al 821
dyi = Z_ydx/ + _de‘ ZZ y dxkdxj, i=1,...,L.

j=1

(3.85)

This is all one requires to transform variables for any SDE. If we substitute the
multivariate SDE given by Eq. (3.81) into the Taylor expansion, and use the Ito
rules given in Eq. (3.83) we obtain

N

Y 9y
dy; = Z @ (fj(X, t)dt + Z ij(X, l‘)de) + Edl‘
k

1N N 8y- M
— d GimGum | dt, i =1,...,L. (3.86
+2228x,{8xj(m2, ) , 3:6)

3.8.3 Multiple Ito stochastic integrals

As we have seen in various examples above, the integrals that appear in the solutions
to Ito stochastic differential equations for a single variable have the form

N-1

/ f(&)dW(s) = lim Z F(ADAW,, (3.87)

for some function f(t), where At = ¢/N. In the above summation f(nAt) is the
value of the function f(¢) at the start of the time interval to which the Wiener
increment AW, corresponds. As we will see below, this fact becomes important
when evaluating multiple stochastic integrals.

When solving Ito equations that have multiple variables, or multiple noise pro-
cesses, the solutions are in general multiple integrals that involve one or more
Wiener processes. It is therefore useful to know how to handle such integrals. For
example, we might be faced with the integral

T t
I = / / F(s)dW (s)dt. (3.88)
0 0

At first sight this may look confusing, but it is easy to evaluate. By discretizing the
integral (that is, writing it as a double summation) it becomes clear that we can
exchange the order of integration, just as we can for a regular integral. Thus

T t
=/ U f(s)ds]dW(t). (3.89)
0 0
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Since this is merely a function of ¢ integrated over the Wiener process, we already
know from Section 3.6.1 that it is a Gaussian random variable with mean zero and

variance
T t 2
VII] =f [f f(s)ds] dt. (3.90)
0 0

Now, what about double Ito integrals in which both integrals are over Wiener
processes? In this case we have two possibilities: the two integrals may involve
the same Wiener process, or two independent Wiener processes. Note that in both
cases we have a double sum of products of Wiener increments, so the resulting
random variable is no longer Gaussian. In general there is no analytic solution to
integrals of this form, but it is not difficult to calculate their expectation values.
Before we show how to do this, we note that there is a special case in which a
double integral of a single Wiener process can be evaluated exactly. This special
case is

Tr pt
1 =/ |:/ f(s)dW(s):| F@&dwW (). (3.91)
0 0

To solve this we first define the random variable Z(¢) as the value of the inner
integral:

Z(t):/ f(s)dW(s). (3.92)
0

Note that Z(¢) is Gaussian with zero mean and variance V = fot £2(s)ds. We now
discretize the double integral:

N—1

T
I = /O Z(t) dW (1) = AI}%;Z” faAW,, (3.93)

where f, = f(nAt), and rewrite the sum as follows:

N—-1
1= lim Xg(zn + AW = Zi = (fu 1 AW,
n=

N—1 T T
= Jim S a@h - fawy = [ azo- [ Fouwy
r— 0 0 0
T
=7ZXT) - / f(r)dt. (3.94)
0

This is an exact expression for /, since we can easily obtain an exact expression
for the probability density of Z2.
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While we cannot obtain an analytic expression for the integral

T T
_ /0 [ /0 f(s)dW(s)}g(t)dW(t) (3.95)

(where once again both integrals contain increments of the same Wiener process),
we can calculate the expectation value of J. Note that in the definition of J we
have fixed the upper limits of both the inner and outer integrals to be 7. We will
consider replacing the upper limit of the inner integral with ¢ shortly. Discretizing
J, and taking the average, we have

N—-1 N
J) = lim Zmeg,, AW, AW,)
=0 m=1
N— T
Z fr&n((AW,)?) = fo fg(dt. (3.96)
n=0

We get this result because (AW,,AW,) is At if m = n, and zero otherwise.

Now let us see what happens if the upper limit of the inner integral is equal
to the variable in the outer integral. In this case, the inner integral, being Z(t) =
fot f(s)dW(s), only contains increments of the Wiener process up until time ¢, and
the Wiener increment in the outer integral that multiplies Z(#) is the increment just
after time ¢. (It is the increment from 7 to ¢ 4+ dt.) Discretizing the integral we have

N—o00
n=1

N n—1
(1) = lim [Z fm_lgn_mAWmAw] (3.97)

m=1

Thus there are no terms in the double sum that have a product of Wiener increments
in the same time interval, only those in different time intervals. As a result the
expectation value is zero:

T t
(I) =< /0 [ /0 f(s)dW(s)] g(t)dW(t)>=0. (3.98)

We can encapsulate the above results, Eq. (3.96) and Eq. (3.98), with the rule
(dW(s)dW (1)) = 8(t — s)dsdt, (3.99)

but this works only with the following additional rule: when one of the arguments
in the §-function is equal to the upper or lower limit of the integral, we have

U
/ 8(t — L)ydt = f(L), (3.100)
L

U
/ 8t —U)dt = 0. (3.101)
L
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This means that, for Ito integrals, we count all the area, or “weight”, of the &-
function in Eq. (3.99) at the lower limit of an integral, and none at the upper limit.

3.8.4 The multivariate linear equation with additive noise

A multivariate linear system with additive noise is also referred to as a multivariate
Ornstein—Uhlenbeck process. When there is only a single noise source this is
described by the vector stochastic equation

dx = Fxdt + g(t)dW, (3.102)

where x and g are vectors, and F is a matrix. In addition, F' is a constant, and g(¢)
is a function of ¢ but not of x. To solve this we can use exactly the same technique
as that used above for the single variable Ornstein—Uhlenbeck process, employing
what we know about solving linear vector equations from Chapter 2. The solution
is

X(1) = e"'x(0) + / Fg(5)dW (s). (3.103)
0

We can just as easily solve the multivariate Ornstein—Uhlenbeck process when
there are multiple independent noises driving the system. In this case the stochastic
equation is

dx = Fxdt + G()dW, (3.104)

where dW = (dW,dW,, ..., dWy) is a vector of mutually independent Wiener
noises d W;. The solution is obtained in exactly the same way as before, and is

x(t) = e"'x(0) + / eFU=9G(s)dW(s). (3.105)
0

3.8.5 The full multivariate linear stochastic equation

The multivariate linear stochastic for a single noise source is
dx = Fxdt + GxdW, (3.106)

and we will take the matrices F and G to be constant. It is not always possible
to obtain an analytic solution to this equation. Whether or not an analytic solution
exists depends on the commutator, or commutation relations, between F and G.
Many readers will not be familiar with the term “commutation relations”, so we
now explain what this means.
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First, the commutator of F and G is defined as
[F,G]=FG — GF. (3.107)

If [F,G] =0then FG = GF, and F and G are said to commute. Two arbitrary
matrices F and G in general do not commute. The reason that the commutator of
F and G is important, is because, when F and G do not commute, it is no longer
true that e”'e¥ = ¢f+Y, Recall that when we solved the linear stochastic equation
for a single variable, we used the fact that e%e? = 1P which is always true when
a and b are numbers. This is still true for matrices when they commute, and as a
result the solution to Eq. (3.106) when F' and G commute is

x(t) — e(F+G2/2)I+GW(l‘)x(O), [F, G] — 0. (3.108)

To solve the vector linear stochastic equation when F' and G do not commute,
we need to know how efe® is related to e/+C. This relationship is called the
Baker—Campbell-Hausdorff (BCH) formula, and is

eFeG — eF+G+ZZ+ZS+Z4+'“+Zoo’ (3.109)
where the additional terms in the sum are “repeated” commutators of F and G.
The first two of these terms are

Z, = (1/2)[F, G], (3.110)
Z3 = (1/12)[F, [F, G]1 + (1/12)[[F, G], G1, (3.111)

and higher terms become increasingly more complex [9, 10]. Because of this we
cannot obtain a closed-form solution to Eq. (3.106) for every choice of the matrices
F and G. However, if the commutator, or some repeated commutator, of F and
G is sufficiently simple, then the infinite series in the BCH formula terminates at
some point so that it has only a finite number of terms.

We illustrate how to solve Eq. (3.106) for the simplest example in which F and
G do not commute. This is the case in which [F, G] commutes with both F and
G. Thatis

[F,[F,G]l=I[G,[F,G]]=0. (3.112)

In this case Z3 is zero. Because all higher-order terms involve the commutators of
F and G with the terms in Z3, these vanish too, and the only additional term that
remains is Z, = [F, G]/2. The relationship between e ¢® and e +¢ becomes

€F€G — eF+G+[F,GJ/2 — elF'GJ/2€F+G. (3113)
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The second relation is true because F + G commutes with [F, G]. Also, since
[F, G] = —[G, F] we have

€F€G — eF-‘rG-[F,G]/Z — e—[F,GJ/26F+G’ (3114)

and putting the above relations together gives
eFe¥ = elF0lelefl (3.115)
To solve Eq. (3.106) we first write it as
X(t + di) = eF UGV x(r) = (CAWd  Fd1 ,GaWy(p), (3.116)

where we have defined C = [F, G] and F = F — G?/2 to simplify the notation.
Here we have used (d W)? = dt and the above relations for the matrix exponential.
We can now write the solution as

x(0) = lim MY, (eCAWnA'e“feGAWn)x(O), (3.117)
—00

where as usual At = ¢/N. Now we must turn the products of exponentials into
exponentials of sums, just like we did to solve the single variable equation. Let us
see what to do when we have only two time-steps. In this case we have

X(2A1) = eC(AWI+AW2)AteF"AteGAWZeF"AteGAWI x(0). (3.118)

Note that because C commutes with all the other operators, we can always place
all the terms containing C to the left, and combine them in a single exponential.
We need to swap the middle two terms, e“2"2 and eF21 If we do this then we have
all the terms containing F to the left, which allows us to combine them, and all
those containing the A W' to the right, also allowing us to combine them. When we
perform the swap, we get an additional term e~ €AW because [G, F] = [G, F] =
—C. The result is

X(ZAt) — eC(AW]+2AW2)Ate—CAW2AteFAteFAteGAW2eGAW1 X(O)

— EC(AW1+AW2)€_CAW2AZeFZAtBG(AW1+AW2)X(O). (3119)

To obtain x(3A7) we multiply this on the left by ¢CAWsA1FAI,GAWs  Opce again
we must swap the two middle terms, bringing the term eF to the left. Doing this,
which we leave as an exercise, the pattern becomes clear. We can now perform the
swap operation N times, and the result is

X(1) = lim (€472 AW mCATY AW F1GAY, W) x(0). (3.120)

N—o00
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We can now take the limit as N — oo. The limits of the various sums are

t
lim Aty AW, = (lim At)/ dW(s) = 0, (3.121)
N—o00 - At—0 0
t
lim Aty nAW, = lim Z(nAt)(AW,,):f sdW(s), (3.122)
N—oo - N—o0 B 0
t
lim Y AW, = / dW(s) = W(1). (3.123)
N—o0 0

n

The solution to Eq. (3.106), when [F, G] commutes with F and G, is thus
X(r) = e(F—G2/2)teGW(t)e—[F,GJZ(t)X(O)’ (3.124)

where we have defined Z(r) = fot sdW (s). The mean of Z(t) is zero, and the
variance is ¢° /3.

Note that in Section 3.4 above we said that we could always set the product d Wdt
to zero. This is true if this product appears in a stochastic differential equation, and
this is usually all that matters. However, we see that in implementing the method
we have described above for deriving an analytic solution to an SDE we could not
drop terms proportional to d Wdt: we had to keep these terms because during the
repeated swap operations enough of them where generated to produce a non-zero
result.

3.9 Non-anticipating functions

Before we finish with this chapter, it is worth defining the term non-anticipating
function, also known as an adapted process, since it is used from time to time in the
literature. Because a stochastic process, x(¢), changes randomly in each time-step
dt, its value at some future time 7 is not known at the initial time. Once the future
time has been reached, then all the values of the stochastic increments up until that
time have been chosen, and the value of x(7) is known. So at the initial time our
state of knowledge of x(7') is merely the probability density for x(7), but at time
T, x(T) has a definite value that has been picked from this density. To sum this up,
if the current time is ¢, then one knows all the random increments, d W, up until
time time ¢, but none beyond that time.

We say that a function of time, f(¢), is non-anticipating, or adapted to the
process dW , if the value of the function at time ¢ depends only on the stochastic
increments d W up until that time. Thus if x(¢) is the solution to a stochastic equation
drive by a stochastic process d W, then x(¢) is a non-anticipating function, and any
function of f(x,t) is also. When solving stochastic equations, one always deals
with non-anticipating functions.
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We can go further in this direction. At the initial time, t = 0, we have some
probability density for x(7), which we obtain by solving the SDE for x. However,
at a time, ¢, where 0 <t < T, then we know the increments up until time ¢,
and thus the value of x(¢). While we still do not know the value of x(7T), our
probability density for it will now be different — since we know some of the
stochastic increments in the interval [0, 7], we have more information about the
likely values of X(T'). Our probability density at time ¢ for x(7") is therefore a
conditional probability density, conditioned on a knowledge of the increments in
the interval [0, ¢]. We will discuss more about how one calculates these conditional
probability densities in the next chapter.

Further reading

Our presentation of stochastic differential equations here is intentionally non-
rigorous. Our purpose is to convey a clear understanding of SDEs and Ito calculus
without getting bogged down by mathematical rigor. We discuss the concepts
employed in rigorous treatments in Chapter 10. A rigorous mathematical account
of Ito’s rule and stochastic differential equations driven by Wiener noise may be
found in, for example, Stochastic Differential Equations: An Introduction with
Applications by Bernt @ksendal [11], Brownian Motion and Stochastic Calculus
by Karatzas and Shreve [12], and the two-volume set Diffusions, Markov Processes,
and Martingales by Rogers and Williams [13]. The first of these focusses more on
modeling and applications, while the second two contain more theorems and details
of interest to mathematicians. The techniques for obtaining analytic solutions to
stochastic differential equations presented in this chapter are essentially exhaustive,
as far as the author is aware. One further example of a solution to a vector linear
stochastic equation containing more complex commutation relations than the one
solved in Section 3.8.5 is given in [14], where the method presented in that section
was introduced.

Exercises

1. By expanding the exponential to second order, show that ¢®d'—#*d/2+dW — | 4 o dr +
BdW to first order in dt.
2. If the discrete differential equation for Ax is

Ax = cxAt +bAW (3.125)

and x(0) = 0, calculate the probability density for x(2Af).
3. If z(r) = fot t?dW(t'), and x = az + t, what is the probability density for x?
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Exercises 53
x(t) = e bW,

(i) What values can x take?

(i) What is the probability density for x?
(iii) Calculate (x?) using the probability density for W.
(iv) Calculate (x?) using the probability density for x.

Calculate the expectation value of e®+AW®),

The random variables x and y are given by

x(1) = a+[WOP,

y(6) = MO,
(i) Calculate (x(1)).

(i) Calculate (y(z)).

(iii) Calculate (x(#)y(t)).

(iv) Are x(¢) and y(¢) independent?

The stochastic process x satisfies the stochastic equation
dx = —yxdt + gdW. (3.126)

(i) Calculate the differential equations for (x) and (x2).
(ii) Calculate the differential equation for V(x) = (x) — (x)?, and solve it.

The stochastic differential equation for x is

dx = 3a(x'? = x)dt + 3ax**dw.

(i) Transform variablesto y = x!/3

(i1) Solve the equation for y.
(iii) Use the solution for y(¢) to get x(¢), making sure that you write x(¢) in terms of
xo = x(0).

, 0 as to get the stochastic equation for y.

Solve the stochastic differential equation
dx = —at’xdt + gdW, (3.127)

and calculate (x(¢)) and V[x(¢)]. Hint. To do this, you use essentially the same method
as for the Ornstein—Uhlenbeck equation: fist solve the differential equation with g = 0,
and this tells you how to make a transformation to a new variable, so that the new
variable is constant when g = 0. The stochastic equation for the new variable is then
easy to solve.

Linear stochastic equation with time-dependent coefficients: obtain the solution to the
equation

dx = — f(t)xdt + g(t)xdW. (3.128)
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11.

12.

13.

14.

Stochastic equations with Gaussian noise
Solve the linear stochastic equation
dx = —yxdt 4+ gxdW, (3.129)

by first changing variables to y = In x. Then calculate the probability density for the
solution x (7).

Solve the stochastic equations
dx =pdW (3.130)
dp = —yp dt. (3.131)

Solve the stochastic equations
dx = pdt + g dV (3.132)
dp = —y dW, (3.133)

where dV and dW are two mutually independent Wiener processes. That is, (dV)*> =
(dW)? =dt anddVdW = 0.
Solve the stochastic equation

dx = Axdt + BxdW, (3.134)

(0w (B O
A_<_w 0), B_(O ﬁ). (3.135)

where
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Further properties of stochastic processes

We have seen in the previous chapter how to define a stochastic process using
a sequence of Gaussian infinitesimal increments d W, and how to obtain new
stochastic processes as the solutions to stochastic differential equations driven by
this Gaussian noise. We have seen that a stochastic process is a random variable x(z)
ateach time 7, and we have calculated its probability density, P(x, t), average (x(¢))
and variance V[x(¢)]. In this chapter we will discuss and calculate some further
properties of a stochastic process, in particular its sample paths, two-time correla-
tion function, and power spectral density (or power spectrum). We also discuss the
fact that Wiener noise is white noise.

4.1 Sample paths

A sample path of the Wiener process is a particular choice (or realization) of each
of the increments dW. Since each increment is infinitesimal, we cannot plot a
sample path with infinite accuracy, but must choose some time discretization Aft,
and plot W(¢) at the points nAt. Note that in doing so, even though we do not
calculate W (r) for the points in-between the values n Az, the points we plot do lie
precisely on a valid sample path, because we know precisely the probability density
for each increment AW on the intervals At. If we chose Ar small enough, then we
cannot tell by eye that the resolution is limited. In Figure 4.1 we plot a sample path
of the Wiener process.

If we want to plot a sample path of a more complex stochastic process, defined
by an SDE that we cannot solve analytically, then we must use a numerical method
to solve the SDE. In this case our solution at each time-step will be approximate,
and thus the points we pot on the sample path will also be approximate. We discuss
how to solve SDEs numerically in Chapter 6.

So far we have mainly thought of a stochastic process, x(¢), as arandom variable
at each time 7. However, it is more accurate to think of it as being described by a

55
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A Sample Path of the Wiener Process

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
t

Figure 4.1. A sample path of the Wiener process.

collection of many different possible sample paths. Thus x(7) is actually a random
Jfunction, whose possible values are the different samples paths. If we are only
interested in the average value of x(z), then we only need the probability density
for x at each time ¢. If we want to calculate (x(#)x(¢ + 7)), being the expectation
value of the product of x with itself at a later time (which we will do in Section 4.4
below), then we need the joint probability density for x at the two times f and t + 7.
How much we need to know about the full probability density for the function x(#)
over all the sample paths therefore depends on what we want to calculate.

The sample paths of the Wiener process fluctuate on every time-scale: no matter
how small an interval, Af, we use, because successive Wiener increments AW are
independent, W (¢) will change randomly from one time-step to the next. The result
is that a sample path of the Wiener process is not differentiable. We can see this if
we attempt to calculate the derivative:

aw W@e+h) W) . W(h)
=1 = lim ——.

—_— im
dt h—0 h h—0 h

But we know that W (h) is of order /A (because the standard deviation of W () is
\/ﬁ), so we have

4.1

= lim —— ~ lim — — o0. (4.2)

The fact that the Wiener process is not differentiable is the reason that it is possible to
have the relation d W? = dt and thus break the usual rules of calculus. If the Wiener
process had a derivative then all second-order terms would vanish, and we would
not need to do all our calculations in terms of differentials. We could instead write
our differential equations in terms of derivatives suchas dx /dt = —yx + gdW/dt,
etc. (In fact, it turns out that there is a special case in which we can use the notation
dW /dt, and this will be described in Section 4.6.)
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A Diagram Illustrating the Reflection Principle

Wit)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 4.2. Here we show a sample path of the Wiener process that crosses
the value a at r = 7. We also show a second sample path that is the same as the
first one up until it crosses a, and then is the reflection of the first one about the
horizontal line at a (dotted line).

4.2 The reflection principle and the first-passage time

Here we consider the time that it takes the Wiener process to reach a given value, a.
(Recall that the Wiener process, by definition, starts with the value zero.) This is
called the first-passage time to reach the “boundary” a, and we will denote it by 7,.
Naturally, since the Wiener process is stochastic, each realization of the process
will take a different time to reach the value a. So what we actually want to calculate
is the probability density for 7. This seems at first like a difficult thing to calculate,
but it turns out that there is a clever trick (first realized by D. André in 1887) that
makes this fairly simple (although the reasoning is a little involved). This trick
is called the “reflection principle”. We note that our discussion of the reflection
principle as a way of calculating first-passage times is included here mainly as a
curiosity. In Section 7.7 we will discuss a more generally applicable, and possibly
more straightforward way to calculate first-passage times, using Fokker—Planck
equations.

Consider a sample path of the Wiener process that crosses the value a at some
time 7, as shown in Figure 4.2. We can obtain another sample path from this
one by reflecting the first path about the horizontal line at height a after the sample
path crosses a. This second sample path is the same as the first one up until the
crossing time t, but is different from it after that time, and is shown in Figure 4.2
as a dotted line. Now, the important point about this construction is the following:
since the Wiener process is symmetric (that is, it is just as likely to go up in any
given time-step as to go down) the probability of the first sample path to occur is
exactly the same as that of the second. This is the reflection principle. It states that
if you reflect the sample path of a symmetric stochastic process from any point
onwards, the new path has the same probability of occurring as the first path.
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We will now use the reflection principle to calculate the probability density for
the first-passage time. Consider a Wiener process that starts with the value O at
time t = 0, and evolves for a time 7. During this time it will reach some maximum
value that will depend on the sample path that it follows. Call this maximum Mr.
Let us now calculate the probability that this maximum Mr is greater than or equal
to a. Examining the two paths shown in Figure 4.2, we see that in both cases the
maximum value of the Wiener process is greater than or equal to a. However, in
only one case (the first path, represented by the solid line) is the final value of the
Wiener process greater than a. Thus for every sample path for which the final value
of the Wiener process is greater than a, there are rwo paths for which Mt > a.
Therefore we can conclude that

Prob(My > a) = 2 x Prob(W(T) > a). 4.3)
The probability that W(T') is greater than a is easier to calculate, because we know

the probability density for W(T'). Thus

Prob(M; > a) = 2 x Prob(W(T) > a) = e/ gy (4.4)

2
\/27TT a

This integral has no analytic solution, but can of course be evaluated numerically.

From the above result we can calculate the probability density for the first-
passage time to reach a. We merely have to realize that the time it takes the Wiener
process to reach a will be less that or equal to 7 if and only if the maximum of the
Wiener process in time 7', Mt is greater than a. Hence we have

oo
Prob(T, < T) = Prob(My > a) = e~/ gy 4.5)

2
Now the probability that 7, < T is simply the distribution function for 7,,, D(T),

and so the probability density for T, P(T), is

P(T) = () _ d [‘/i / - e_xz/(ZT)dx:| . (4.6)
ar ar T J,

To evaluate this derivative, we change variables under the integral to v = (T'a?)/x?
(Note that a is positive, so the integration variable x is always positive, which
ensures the mapping from x — v is well defined). This gives

e~/ (2v)
P(T )_dT «/_/ i dv |, 4.7)

and so the fundamental theorem of calculus provides the final result, which is

a e_az/(zT)
PT)= ——7F+—- (4.8)
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If we calculate the expectation value of 7, (that is, the average time that it will take
for the Wiener process to reach the value a) then we find that this is

a ) e—az/(ZT)
T,) = — ——dt = 0. 4.9)
Tad 2 Jo «/7

This result for (7}) is reasonable because many paths of the Wiener process go off
towards —oo and never cross a.

4.3 The stationary auto-correlation function, g(7)

For a stochastic process, it is often useful to know how correlated the values of the
process are at two different times. This will tell us how long it takes the process to
forget the value it had at some earlier time. We are therefore interested in calculating

the correlation coefficient (see Section 1.4)
(XXt + 1)) — (X@ONX( + 1))
C t t+1) — 4]0
s JVXOWVXG + 1) 10

for an arbitrary time difference 7. As an illustration we calculate this for the Wiener
process. We know already that V(W(¢)) = ¢ and thus V(W (t + 1)) =1t + t. We
can calculate the correlation (W(t)W (¢ + 7)) in the following way:

waowic o =i [io) - {[ow [ + )
{(fev) o 5
((fom))lfw fiv)
v+ { [aw){ [ W) a2

— (WD) + (WEONW(E)) =t +0 =1

t 1
Cwiywisr) = N =/ a0 (4.13)

In the above derivation, to get from line (4.11) to (4.12) we used the fact that the ran-
dom variables A = fot dW and B = ff“ dW are independent, which implies that
their correlation (A B) is just the product of their means, (A)(B). From Eq. (4.13)

And this gives
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we see, as expected, that the Wiener process at time ¢ + 7 is increasingly indepen-
dent of its value at an earlier time ¢ as T increases.

The function g(z, t') = (X (t)X(¢')) is often called the two-time correlation func-
tion or the auto-correlation function (“auto” because it is the correlation of the
process with itself at a later time). If the mean of the process X(¢) is constant with
time, and the auto-correlation function, g(¢, t + t) = (X ()X (¢ + 7)) is also inde-
pendent of the time, 7, so that it depends only on the time-difference, T, then X (t)
is referred to as being “wide-sense” stationary. In this case, the auto-correlation
function depends only on 7, and we write

8(0) = (X(HX( +1)). (4.14)

The reason that we call a process whose mean and auto-correlation function
are time-independent “wide-sense” stationary, rather than merely “stationary”, is
because the latter term is reserved for processes in which the expectation values
of products of the process at any number of different times only depends on the
time-differences. Thus while stationary processes are always wide-sense stationary,
wide-sense stationary processes need not be stationary.

The auto-correlation function for a wide-sense stationary process is always
symmetric, so that g(—t) = g(t). This is easily shown by noting that

g=1) = (XX — 1)) = (Xt — DX(1)) = (X(OX( + 1)) = g(1). (4.15)

4.4 Conditional probability densities

We now describe the general method for calculating two-time correlation functions.
One can always calculate the correlation (X (¢)X(¢)) attwo times ' and t = ¢’ + ,
for some arbitrary process X (¢), so long as one has the joint probability density that
the value of the process is x at time ¢ and x” and time #’. We will write this density as
P(x,t;x', t"). Assume for the sake of definiteness that r > ¢. To calculate this joint
density we first write it in terms of the conditional probability density P(x, t|x’, t'),
which gives

P(x,t;x',t")y = P(x, t|x', t)P(x', t). (4.16)

The conditional probability is the probability density for X at time ¢, given that X
has the value x" at time ¢'. In fact, we already know how to calculate this, since
it is the same thing that we have been calculating all along in solving stochastic
differential equations: the solution to an SDE for X is the probability density for
X at time ¢, given that its initial value at t = 0 is xy. To obtain the conditional
probability in Eq. (4.16), all we need to do is solve the SDE for x, but this time
with the initial time being ¢’ rather than 0.
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As an example, let us do this for the simplest stochastic equation, dX = dW.
Solving the SDE means summing all the increments d W from time ¢’ to ¢, with the
initial condition X (#') = x’. The solution is

t
X(t):x/—i—/ dW =x"+ Wt — 1), 4.17)
t/

and this has the probability density

e~ (=X /12(—=1")]

2at—1)

This is also the conditional probability for X at time ¢, given that X = x’ at time ¢':

P(x,t)= (4.18)

e~ =X /12(1—1")]

V2t =1)
To calculate the joint probability density we now need to specify the density for
X at time ¢'. If X started with the value O at time 0, then at time ¢’ the density for
X (') is just the density for the Wiener process, thus

P(x,t|x',t") = P(x,t) = (4.19)

o e~ /12r]
Px',th) = ———. (4.20)
N2t
Using Egs. (4.19) and (4.20), the joint density is
. . , e*(X*X’)z/[Z(f*t/)]*X’z/[Qt’]
Pw,t;w',t) = P, tlx', tHPKX',t) = , 4.21
( )= P(x, 1], 1)P(x', 1) T (4.21)
and the correlation function is therefore
o oo
(X(HX(@1)) = / / xx'P(x,t;x', tdxdx =t'. (4.22)
—o0 — 00

We then obtain the correlation coefficient between X (¢') and X (¢) by dividing this
by the square root of the product of the variances as above.

4.5 The power spectrum

We now return to the Fourier transform introduced in Section 4.1 where we defined
the characteristic function. This time we will use a slightly different definition
for the Fourier transform: while in Section 4.1 we followed the definition that is
standard for characteristic functions, for considering Fourier transforms of signals
(functions of time), it is standard to use the following definition. The Fourier
transform of the deterministic function f(¢) is

F(v) = / " F(H)e 2 dt. (4.23)
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With this definition the inverse transform is

o

ft)= / F(v)e™™" dv. (4.24)
—00

Note that this time we have also defined the Fourier transform with a minus sign

in the exponential. Since either sign is equally good, which one to use is purely

a matter of convention. With this definition for the Fourier transform, the Dirac

8-function is now the Fourier transform of the constant function f(¢) = 1:

o

S(v) = / e~V s (4.25)
—0oQ

We now recognize that the inverse Fourier transform expresses a function f(t)

as an integral (sum) over the complex exponentials ¢/>""" with different values
i2mwvt

of the frequency v. These complex exponentials are complex sinusoids: e =
cos(2mvt) + i sin(2rvt). Thus the inverse Fourier transform expresses a function
f(t) as a weighted sum of complex sine waves where the weighting factor is
the Fourier transform F(v). This representation for a function of time is very
useful.

All the functions of time that we will be interested in here are real, and when
discussing Fourier transforms it is common practice to call them signals. Since we
are concerned with real signals, you might find it a little strange that in representing
a function as a sum over sine waves we choose to use complex exponentials rather
than real sine and cosine functions. This choice is a very good one, however,
because complex exponentials are easier to manipulate than real sines or cosines
by themselves.

If f(¢) is real, F(v) must be such that all the complex parts of the exponentials
cancel when the integral over v is taken. If we write F(v) in terms of its magnitude,

A(v), and phase ¢(v), then we have

f(t) =/ A(V)ei[Zﬂvt+¢(v)] dv

= /'00 A(v)cos[2mvt + ¢(v)] dv + i /'00 A(v)sin[2 vt 4+ ¢(v)] dv.

Since A(v) and ¢(v) are real, the second term above is purely imaginary, and
therefore must be zero. So we have

ft) = /00 A(v)cos[2mvt + ¢(v)] dv. (4.26)

So we see that f(¢) is the sum of sine waves of different frequencies v, where the
amplitude of the wave at frequency v is given by A(v), and the phase is given by
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¢(v). In terms of F(v), the amplitude and phase are given by

AWw) = |Fv)| = VF*QW)F(v), 4.27)

_ Im[F(v)]
tan[¢p(v)] = —Re[F(v)]' (4.28)

Here F*(v) is the complex conjugate of F'(v), and
RelF()] = - L), (4.29)
Im[F(v)] = w (4.30)

are, respectively, the real and imaginary parts of F(v). The Fourier transform is
often referred to as the spectral decomposition or complex spectrum of a signal
f(t), and A(v) as the (real) spectrum.

The square of the value of a signal at time ¢ is referred to as the “instantaneous
power” of the signal at that time. This comes from the field of electronics, where
the signal is usually a voltage difference between two points. In this case the power
dissipated by the current flowing between the two points is proportional to the
square of the voltage difference between the points, and thus to the square of the
signal. This relationship between the signal, f(¢), and the instantaneous power is
also true for electromagnetic waves (including light and radio waves) as well as
sound waves, if the signal is the amplitude of the wave.

4.5.1 Signals with finite energy

If the instantaneous power of the deterministic signal f(¢) is defined to be f 2(1),
then the total energy of the signal is the integral of f2(¢) over all time:

E[f()] = f f@) dt. (4.31)

If the signal has finite duration, then the total energy is finite. Using the definition
of the Fourier transform it is not difficult to show that

E[f(D)] = f - f)? dt = f h |F(v)|? dv. (4.32)

—0o0
Now, let us say that we pass the signal through a filter that only lets through
sinusoids with frequencies between v; and v,. Since the Fourier transform gives
the amplitude of each sinusoid that makes up a signal, the signal that emerges from
the filter (the filtered signal) would have a Fourier transform of

F(v) v € [vg, o]

0 otherwise. (4.33)

G) = {
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The total energy of the filtered signal would then be

00 V2
Ele) = [ GOy = [ 1Fo)Fa. (434
—00 V1
Thus it makes sense to call | F(v)|? the spectral energy density of the signal f(z).

Once again using the definition of the Fourier transform we find that

|F(U)|2 — /Oo f(t)e—i27'rvtdt /OO f(t)eizﬂwdf

— /OO (/OO f@) f(r — ‘r)dt) e PV
= foo <f00 f@) f+ ‘L')dt) e VT

o0

= / h(t, 7)e”*™dt (4.35)
—0oQ

To obtain the third line we made the transformation ¢t — ¢t — 7, and in the last line

we defined the function

h(t, 7) = / b FOF@E + T)dt. (4.36)

Note that A(z, T) is a version of an auto-correlation function, but for deterministic
signals. This auto-correlation function is the product of the signal with itself at
different times, but this time integrated over time rather than averaged over all
realizations. We see that the energy spectrum, | F(v)|?, is the Fourier transform of
this auto-correlation function.

For a stochastic signal, x(¢), the total average energy in the signal is the average
value of the instantaneous power, x2(¢), integrated over all time:

o

E[x()] = / (x(t)*) dt. (4.37)
—00

If the mean of x(t) is zero for all ¢, then of course (x(¢)?) is equal to the variance

of x(¢).

To calculate the energy spectrum for x(¢), we must first define what we mean by
the Fourier transform of a stochastic process. A stochastic process, x(¢), has many
possible sample paths. Recall from Section 4.1 that we can think of x(¢) as being
described by a probability density over the whole collection of possible sample
paths. Each one of these sample paths is a function of time, say x,(¢), where «
labels the different possible paths. Thus x(¢) is actually a random function, whose
possible values are the functions x, (7).
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Just as x(¢) is a random function, whose values are the sample paths, we define
the Fourier transform, X (v), as a random function whose values are the Fourier
transforms of each of the sample paths. Thus the possible values of X (v) are the
functions

o0
Xo(v) = / X (t)e P dt. (4.38)
—00
With this definition of the Fourier transform of a stochastic process, the results
above for the energy spectrum are derived in exactly the same way as above for a
deterministic process. In particular we have

Elx(®)] = /_Z(IX(V)IZ) dt, (4.39)
and
(IFW)[?) = / N [ / N a(t, r)dt} eV, (4.40)
where g(t, ) is
g, ) =(f()f(t+1)). (4.41)

4.5.2 Signals with finite power

Many signals we deal with, such as simple sine waves, do not have any specific
duration, and we usually think of them as continuing for all time. The energy in
such a signal is therefore infinite. This is also true of many stochastic processes —
the solution to the Ornstein—Uhlenbeck equation in the long-time limit reaches a
stationary solution in which the variance remains constant for the rest of time. For
these kinds of signals it is the average power of the signal that is finite. For a
deterministic process we can define the average power as
1 (72
P = lim — FAdt, (4.42)
T—oo T -T/)2
and this is finite so long as the signal does not blow up at £o00.

We can define the average power of a stochastic signal in the same way as for a
deterministic signal, but this time we take the expectation value of the process, so
as to average the power both over time and over all realizations (sample paths) of
the process. Thus the average power of a stochastic process is

/2

Plx()] = lim % / /2(x2(t))dt. (4.43)
—00 T
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With the average power defined, it is useful to be able to calculate the power
spectrum, also called the power spectral density, S(v). This is defined as the power
per unit frequency of a sample path of the process, averaged over all the sample
paths. To put this another way, we want a function, S(v), that if we were to put a
long sample path of the process x(¢) through a filter that only lets pass frequencies
in the range v; to v,, the power of the filtered signal Y (¢), averaged over all sample
paths, would be

V2
P[Y ()] :/ S(w)dv. (4.44)
Vi
It turns out that the power spectral density of a wide-sense stationary stochastic
process x(¢) is the Fourier transform of the two-time auto-correlation function.
Thus

o

S(v) = f g(D)e Tt g() = (x(t)x(t + 1)). (4.45)
—00

This result is called the Wiener—Khinchin theorem. Proofs of this theorem can be

found in [3] and [15].

It is worth noting that if a process is stationary (see Section 4.3 above) we usually
do not need to take the average over all sample paths — the average power in a given
frequency range, assuming we have long enough sample paths, is usually the same
for all sample paths. This is because the average power is defined as the average
over all time, and averaging a sample path of a wide-sense stationary process over
all time is often the same as averaging over all sample paths. If this is true the
process is referred to as being ergodic. Not all wide-sense stationary processes
are ergodic, however, and this can be very difficult to prove one way or the other.
If ergodicity cannot be proven for a given physical process, physicists will often
assume that it is true anyway.

4.6 White noise

Consider a function f(¢) whose integral from —oo to oo is finite. The more sharply
peaked f (thatis, the smaller the smallest time interval containing the majority of its
energy), then the less sharply peaked is its Fourier transform. Similarly, the broader
a function, then the narrower is its Fourier transform. Now consider a stochastic
process x(t). If the auto-correlation function g(t) = (x(¢)x(t + 7)) drops to zero
very quickly as |t| increases, then the power spectrum of the process x(¢) must be
broad, meaning that x(¢) contains high frequencies. This is reasonable, since if a
process has high frequencies it can vary on short time-scales, and therefore become
uncorrelated with itself in a short time.
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We have shown above that the derivative of the Wiener process does not exist.
However, there is a sense in which the auto-correlation of this derivative exists,
and this fact can be useful as a calculational tool. For the sake of argument let us
call the derivative of the Wiener function £(¢). Since the increments of the Wiener
process in two consecutive time intervals dt are independent of each other, £(¢)
must be uncorrelated with itself whenever the time separation is greater than zero.
Thus we must have (§(¢)§(t + t)) = 0 if T > 0. In addition, if we try to calculate

(§(2)&(1)), we obtain
. <AW AW>
lim (————
At—0\ At At

AW)? 1
= lim u = lim — — oc. (4.46)
At—0  (Ar)? At—0 At

8(0) = (§(1)&(1))

We recall from Chapter 1 that a function which has this property is the delta-function
8(t), defined by the rule that

/ F@0@)dr = f(0) (4.47)

for any smooth function f(#). One can think of the delta-function as the limit in
which a function with a single peak at r = 0 becomes narrower and taller so that
the area under the function is always equal to unity. For example,
e*tz/ (20%)
8(t) = lim ———. (4.48)
0=0 /202

Let us see what happens if we assume that £(¢) is a noise source with the auto-
correlation function (£(2)&(¢ + 7)) = §(t). We now try using this assumption to
solve the equation

dx = gdW. (4.49)

Of course we know the solution is just x(t) = gW(¢). If £(¢) exists then we can
write the stochastic equation as

dx

e g&(), (4.50)

and the solution is simply

x(t) = g/ E(s)ds. (4.51)
0
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Now, let us calculate the variance of x(z). This is

V<x<z>)=<g2 fo E(s)ds /0 s<v)dv> e fo /0 (E(5)E W) dsdv

t t t
=g2/ f 8(s —v)dsdv = g2/ dv = gzt, (4.52)
o Jo 0

which is the correct answer. Also, we can calculate the two-time auto-correlation
function of x(¢). This is

t t+t1 t t+7
(x@®)x(+1)) = <g2/ E(s)dsf é(v)dv> = ng / 8(s —v)dsdv
0 0 0o Jo

t
:gZ/ dv = gzt, (453)
0

which is also correct. So we have been able to obtain the correct solution to
the stochastic differential equation by assuming that £(t) = dW(t)/dt exists and
has a delta auto-correlation function. This technique will work for any SDE that
has purely additive noise, but it does not work for SDEs in which the noise d W
multiplies a function of any of the variables. Thus one cannot use it to solve the
equation dx = xd W, for example. Note also that in using the relation (£(¢)&(r +
7)) = 6(7), we must use the additional definition discussed in Section 3.8.3: if the
peak of the é-function is located at one of the limits of an integral, we must take
all its area to be at the lower limit, and none at the upper limit.

Now, since the power spectrum of a process is the Fourier transform of the
auto-correlation function, this means that the spectrum of & is

S(v) = / S()e Vg = 1. (4.54)

]

This spectrum is the same for all values of the frequency v. This means that £(z)
contains arbitrarily high frequencies, and thus infinitely rapid fluctuations. It also
means that the power in £(¢) is infinite. Both of these are further reflections of the
fact that £(¢) is an idealization, and cannot be truly realized by any real noise source.
Because the spectrum contains equal amounts of all frequencies, it is referred to as
“white” noise.

The reason that we can assume that £(¢) exists, and use this to solve stochastic
equations that contain additive noise, is that a differential equation is a filter that
does not let through infinitely high frequencies: even though &(¢) has infinitely
high frequencies, the solution to a differential equation driven by &(¢) does not.
So long as the bandwidth of the dynamics of the system (that is, the frequencies
the differential equation “lets through”) are small compared to the bandwidth of
frequencies of a real noise source that drives it, white noise will serve as a good
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approximation to the real noise. This is why we can use the Wiener process to
model noise in real systems. To derive these results, we would need to discuss
linear-system theory, which is beyond our scope here. The question of why we
cannot use £(¢) (at least as defined above) to model real noise that is not additive is
more subtle, and will be discussed in section 5.3.

Further reading

Further details regarding §-functions, Fourier transforms, filters, and power spectra
are given in the excellent and concise text Linear Systems by Sze Tan [3]. Fourier
transforms and filters in deterministic systems may also be found in, for example,
Signals and Systems by Alan Oppenheim and Alan Willsky [4]. Further details
regarding the power spectral density and its applications are given in Principles of
Random Signal Analysis and Low Noise Design: The Power Spectral Density and
its Applications, by Roy Howard [15]. Techniques for detecting signals in noise
are discussed extensively in Detection of Signals in Noise, by Robert McDonough
and Anthony Whalen [16].

Exercises
1. Show that

(i) If f(¢) is real then the Fourier transform satisfies F'(v) = F(—v)*.
(ii) If F(v) is the Fourier transform of f(z), then the Fourier transform of f(at) is
F(v/a)/lal.
(iii) If F(v)is the Fourier transform of f (), and assuming that f () is zero at t = 00,
the Fourier transform of d” f/dt" is (i2wv)" F(v).

2. Show that
/ ” f()*dt = f ” [F(v)|*dv. (4.55)

Hint: use the fact that 8(r — 7) = [ e 2™~ dy.
3. Calculate the average power of the signal f(¢) = A sin(wt).
4. Calculate the auto-correlation function of

x(1) = cos(wt)xy + g/ cos[w(t — 5)]|dW (s), (4.56)
0

where x is a random variable, independent of the Wiener process, with mean zero and
variance Vj.
5. Calculate the auto-correlation function of

x(t) = e PYOW@). (4.57)
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7.

®

(ii)

(iii)
1

(ii)

(iii)

Further properties of stochastic processes

Calculate the auto-correlation function of the solution to
dx = —yxdt + gdW. (4.58)

Show that in the limit as # — oo the auto-correlation function is independent of
the absolute time ¢. In this limit the process therefore reaches a “steady-state” in
which it is wide-sense stationary.

In this limit calculate the power spectral density of the process.

Calculate the auto-correlation of the solution to

2
dx = —%xdl + BxdW. (4.59)

Show that in the limit as ¢+ — oo the auto-correlation function is independent of
the absolute time 7. In this limit the process therefore reaches a “steady-state” in
which it is wide-sense stationary.

In this limit calculate the power spectral density of the process.

8. Calculate the auto-correlation function of x in the long-time limit, where

dx = (wy — yx)dt, (4.60)
dy = (—wx — yy)dt + gdW. (4.61)
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Some applications of Gaussian noise

5.1 Physics: Brownian motion

In 1827, a scientist named Robert Brown used a microscope to observe the motion
of tiny pollen grains suspended in water. These tiny grains jiggle about with a small
but rapid and erratic motion, and this motion has since become known as Brownian
motion in recognition of Brown’s pioneering work. Einstein was the first to provide
a theoretical treatment of this motion (in 1905), and in 1908 the French physicist
Paul Langevin provided an alternative approach to the problem. The approach we
will take here is very similar to Langevin’s, although a little more sophisticated,
since the subject of Ito calculus was not developed until the 1940s.

The analysis is motivated by the realization that the erratic motion of the
pollen grains comes from the fact that the liquid is composed of lumps of mat-
ter (molecules), and that these are bumping around randomly and colliding with
the pollen grain. Because the motion of the molecules is random, the net force
on the pollen grain fluctuates in both size and direction depending on how many
molecules hitit at any instant, and whether there are more impacts on one side of it or
another.

To describe Brownian motion we will assume that there is a rapidly fluctuating
force on the molecule, and that the fluctuations of this force are effectively white
noise. (The definition of white noise is given in Section 4.6.) Also, we know from
fluid dynamics that the pollen grain will experience friction from the liquid. This
friction force is proportional to the negative of the momentum of the grain, so that

Ffriction = —yYp = —ymv, (51)

where m is the mass of the grain and v is its velocity. The constant of proportionality,
y, is usually referred to as the damping rate, and is given by y = 6wrna/m. Here
a is the diameter of the pollen grain (assumed spherical), and 7 is the viscosity of
the liquid.

71
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We will only treat the motion in one dimension, since we lose nothing important
by this restriction, and the extension to three dimensions is simple. The equation
of motion for the position of the pollen grain is therefore

d*x
mﬁ = Friction T Finee = —yp + 86(1). (5.2)
Here &(¢) is the white noise process discussed in Chapter 4, with correlation function

(EME( + 1)) = 8(2), (5.3)

and g is a constant giving the overall magnitude of the fluctuating force. We will
determine the value of g shortly. We can write the equation of motion in vector
form, as described in Chapter 2, and this is

d(x\_ (0 1/m\(x 0
dt <p)_(0 —V)(p)+<g5(t)>' GH

Finally we write the equations in differential form, and this gives

dx\ (0 1/m X 0
(dp)_(o —V)<p)dt+(g)dw’ )

where dW is our familiar Wiener process.

Solving this set of equations is quite simple, because while dx depends on p,
dp does not depend on x. We first solve the equation for p, being the Ornstein—
Uhlenbeck process

dp =—ypdt+gdW. (5.6)
Using the techniques in Chapter 3, the solution is
t
p)=e""p0)+g / e 7AW (s). (5.7)
0
The variance of p(¢) is thus
t g2
Vipt) =g° / e 7 ds = o (1—e). (5.8)
0 14

Now we know from statistical mechanics that the average kinetic energy, (E) =
(p?/(2m)), of the pollen grain in the steady-state is equal to kg T /2, where kg is
Boltzmann’s constant and 7 is the temperature of the liquid [17]. Thus in order for
our model to agree with what we already know about the physics of a small particle
in a fluid, the solution must have a steady-state, and must give the correct value
for the steady-state average energy. The first of these means that the probability
density for p(¢) should become independent of time as t — oco. Examining the
solution for V(p(t)) above, we see that

lim V(p@) = 5= = V(p)s, (5.9)

2y
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and thus the variance does reach a steady-state. Now, since the mean value of
p(t) tends to zero as t — 00, in the steady-state the mean is zero and thus (p?) =
V(p(t)). For consistency with statistical mechanics we therefore require that

Vip) & &
2m dym  24mnd’

and this tells us that the strength of the noise must be

g =+/12andkT. (5.11)

We now want to calculate a quantity that we can actually measure in an experi-
ment. To do this we examine the solution for the position of the pollen grain, x(z).
To obtain this all we have to do is integrate p(t)/m with respect to time, and this
gives

x(t):/ &ds — @/ e—VSdS_i_é/ |:/S e—V(S—s’)dW(S/)] ds
o m m - Jo m Jo LJo

0 t ! s ’
_ r(0) / e Vds + é/ [/ e Vs )ds’] dW(s)
m Jo m Jo 0

1 _ g [ _
=—>0—-e")p0)+ —/ (1 —e "HdW(s). (5.12)
my my Jo

(E) = (p*/(2m)) =

(5.10)

In the above calculation we switched the order of integration in the double integral.
Recall from Section 3.8.3 that this can be done using the usual rules of calculus, a
fact which is simple to show by discretizing the integral.

The above expression, Eq. (5.12), is the complete solution for x(¢). We see from
this that the probability for x(¢) is a Gaussian. We can now easily calculate the
mean and variance, which are

1 t
(x(@) = <m—y(1 - e_y’)p(0)> + <m%//0 - e‘”)dW(S)>

1 _
= —(1—=e7)p(0), (5.13)
my

V@) =V (i(l - e"”)p(O)) +V (i/ (1— e‘”)dW(s))
my my Jo

e ‘ )
_ _5 _ Vs
= . /0 (1 —e)ds

gt g’

= Gy | 2miy?

[4e77" — e =3]. (5.14)

Langevin realized that the damping (or decay) rate y was very fast, much
faster than the time-resolution with which the particle could be observed in a real
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experiment (at least back in 1908). So this means that y¢ >> 1. In this case the
variance of x(¢) simplifies to the approximate expression

2 2 2 :
L 8t 8¢ g (3 8t _ (4T
V)™ o ™ 2msys ~ Gy P (t 2y) T myy? (3717761) "
(5.15)

Thus, for times at which 7y >> 1, the variance of the position of the particle will
be proportional to time. This is exactly the same behavior as Wiener noise, and
because of this Wiener noise is often referred to as Brownian motion. To test if our
model for Brownian motion is accurate, one can perform an experiment in which
the motion of a pollen grain is observed over time. If we record the amount by which
the position changes in a fixed time interval 7', and average the square of this over
many repetitions of the experiment, then we can calculate the variance V (x(T)).
This experiment was performed in 1910 by Smoluchouski and others, confirming
the scaling of the variance with time. Since that time many more experiments have
been performed, and deviations from Wiener noise have been observed at very
short time-scales [18].

So how is it that x(#) can act just like the Wiener process? For this to be the case,
it needs to be true that

d
dx ~adW, orequivalently d—); ~ £(1), (5.16)

for some constant «.. Since dx /dt = p/m, this means that p(¢) is effectively acting
like &£(#). The reason for this is that the auto-correlation function of p(¢) decays at
the rate y (see Exercise 4 in Chapter 3), so that if y is large then the auto-correlation
function is sharply peaked, and approximates the auto-correlation function of &(¢),
which is a delta-function. Of course, when we say that y is large, we actually mean
that it is large compared to something else. In this case the something else is the
time resolution (or time-scale), §¢, over which the process is observed. By time-
scale we mean the time that elapses between observations of the process. In this
case the process is x (7). If we know the value of x(¢) at time ¢+ = 0, and then again
at a later time ¢ + ¢, then we cannot distinguish it from the Wiener process so long
as 8t > 1/y. So when we say that y is large enough that we cannot distinguish
p(t) from &(¢), we mean that y is much larger than 1/8¢, where 46t is the time
resolution of our knowledge of p(t) and x(¢).

5.2 Finance: option pricing

The prices of the stocks (alternatively, shares) of companies exhibit unpre-
dictable fluctuations, and are therefore good candidates for modeling by stochastic
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processes. Because of this, stochastic processes have important applications in
finance, in particular in the pricing of financial derivatives. A financial derivative is
something whose value “derives” in some way from the price of a basic asset, such
as a share in a company. An option is one such financial derivative. The simplest
kind of option, termed a “European” option, is a contract that gives the bearer the
right to buy (or to sell) a number of shares at a fixed price (called the “strike price”)
at a fixed date in the future. The date in question is called the “maturity time” of
the option. Let us assume for the sake of definiteness that the option is an option to
buy, called a “call option” (an option to sell is called a “put” option). Now, clearly,
if at the maturity time the share price is higher than the strike price, the bearer will
exercise his or her option to buy, then immediately sell the shares so obtained at
their current value, and pocket the difference! In that case the value of the option at
that time is the precisely the amount of money the bearer makes by this transaction.
If, on the other hand, at maturity the share price is lower than the strike price, the
bearer will not exercise the option and the value of the option is zero.

We see that the value of an option at its maturity depends upon the price of
the corresponding share (referred to in financial jargon as the “underlying share”)
at the time of maturity. The problem of option pricing is to calculate the value
of the option well before maturity, when the contract is first agreed upon. Clearly
the option must be worth something, because once the bearer has the option, they
stand to profit from it with some probability, and have nothing to lose by it. But
how much should they pay for it? It was Fischer Black and Myron Scholes who
first worked out how to calculate the value of an option (in 1973), and it is their
analysis that we will describe here. (For this work Fischer and Black were awarded
the Bank of Sweden Prize in Memory of Alfred Nobel, often referred to as the
“Nobel prize in economics”.)

5.2.1 Some preliminary concepts
The interest rate

If we put money in a bank account, then the bank pays us interest on a regular
basis, and as a result the money accumulates. Each interest payment is a specified
fraction of the money in the account. In finance, one always assumes that any
money is stored in a bank account, because it makes no sense not to take advantage
of interest payments. If the amount of interest that is paid is k times the present
amount, and this interest is paid once each time interval At, then the discrete
differential equation for the amount of money in the bank account is

AM = kMAt. (5.17)
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As we saw in Chapter 2, the solution to this equation is
N—1
M(NAt) = 1_[(1 + kM) = (1 + kN M(0). (5.18)
n=0
If we make the accumulation of interest continuous, then we have the differential
equation

dM =rMdt, (5.19)

where r is called the interest rate. In this case our money now evolves as
M(t) = " M(0). (5.20)

In finance one usually assumes that all money increases exponentially like this at a
rate r, where r is called the risk-free interest rate. It is risk free because the chance
of the bank folding and not giving you your money back is assumed to be so small
that it can be ignored.

Arbitrage

A market is inconsistent if a single commodity has two different prices, or two
effectively equivalent commodities have different prices (we will give an example
of two “equivalent” commodities below). Because of this inconsistency one could
buy the commodity at the cheaper price, and sell it at the higher price, making
a risk-free profit. Making such a profit out of market inconsistencies is called
arbitrage. When traders buy at the lower price and sell at the higher price in order
to make a profit, then this raises the demand for the lower-priced items, which
in turn raises their price. Similarly, selling the higher-priced items increases their
supply and lowers their price. The result is that the two prices converge together
eliminating the inconsistency. Traders who watch the market and take advantage of
arbitrage opportunities, called arbitrageurs, thus perform the function of keeping
the market consistent. As a result, it is usual in finance to assume that markets
are consistent, with any inconsistencies being eliminated quickly as they arise by
arbitrageurs.

The assumption that a market is consistent has important consequences for two
commodities that are not identical, but which are equivalent, and should therefore
have the same price. As an example of this we now consider the concept of a
forward contract. A forward contract is an agreement to buy a certain item at a
specified price, F, at a specified future date. We will call the present date r = 0,
and the date of the forward contract 7. The question is, given that we know that
the current price of the item is P dollars, what should the agreed price, F, in the
forward contract be? Answering this question is simplest if we assume that you
currently own the item. In this case you can sell it for P dollars now, and write a
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forward contract to buy the same item for F at the future time 7. If you put your
P dollars in the bank, at the future time they will be worth P’ = ¢’7 P. When you
buy back the item at time 7', you will pay F dollars. Thus at time 7" you will own
the item, and have made a risk-free profit of

money for nothing = P’ — F =¢'7 P — F. (5.21)

This is positive if F < "7 P. We can alternatively cast this ability to lock in a
risk-free profit as an arbitrage situation taking advantage of a market inconsistency.
Here there are two things that are equivalent both at the present time, and at the
future time 7. The first is P dollars of money at the present time, and a forward
contract to buy an item for a “forward price” F dollars at a future time 7. The
second is the item whose present price is P dollars. Both of these are equivalent
to having the item now, and having the item at the future time. Thus, if these two
things do not have the same price at the future time (being the item plus zero
dollars) then there is an arbitrage opportunity.

If alternatively the forward price F is greater than ¢’” P, then one can make
money from the arbitrage opportunity by being the person who is on the selling
end of the forward contract. In this case we borrow P dollars, use it to buy the
item, and then write a forward contract to sell the item for F' dollars at time 7.
Assuming we can borrow money at the risk-free interest rate, then at time 7 we
must pay back ¢’7 P dollars, and we receive F dollars from the sale of the item.
This time the profit we make is F — e"” P.

So if we assume that there are no arbitrage opportunities, this tells us that the
forward price one should set for a commodity on a forward contract is the present
price multiplied by e"”. That is, F = ¢"” P. If the forward contract is made out for
a different forward price, G, then the buyer of the contract (the person who has
agreed to buy the commodity) can make M = Pe’T — G dollars at time 7. We can
make this second situation consistent with no-arbitrage by making the buyer pay
e"TM = P — ¢7"T G dollars for the contract. So this means that a forward contract
that is not written with a forward price F = ¢"? P is itself worth something. It has
a value itself — let us call this F — and so must be bought for this price by the buyer
of the contract. Note also that once the forward contract has been written with a
certain forward price, G, as time goes buy the current price of the commodity will
usually change. This means that a forward contract that was initially worth nothing
itself, so that 7 = 0, will be worth something (which could be negative) as time
goes by. Because of this, forward contracts are bought and sold up until the date
T. Forward contracts that are bought and sold like this are called “futures”.

To find the price of an option (for example, a contract that gives the bearer an
option to buy or sell a fixed amount of shares at given price at a future date) one
similarly uses a “no-arbitrage” argument, and this is the subject of the next section.
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5.2.2 Deriving the Black—Scholes equation

To begin with we need to define the term “portfolio”, with which most people are
probably already familiar: a portfolio is a collection of assets owned by someone,
and which for whatever reason we group together as single unit. A portfolio may
consist of a variety of shares in various companies, or it could be a collection of
more general assets including shares, money in bank accounts, real estate or even
contracts such as options.

Now, let us denote the price of a single share of a company by S(¢). We have
written this as a function of time, since the price of the share will vary as time goes
by. We know from experience that the prices of shares fluctuate in an erratic and
apparently random fashion. Thus it seems reasonable that we should describe the
price of a share as a stochastic process. The question is, which stochastic process?
It seems reasonable that the amount by which a share is likely to fluctuate randomly
in a given time interval is proportional to its current value. That is, that a share
worth 1 dollar would be as likely to move by 10 cents over a period of a week,
as a share worth 10 dollars would be to move by 1 dollar. While this may not be
exactly true, it is very reasonable because, after all, money is an arbitrary measure
of value, and thus the absolute value of a share is not a particularly meaningful
quantity. We will therefore assume that the random part of the change in S, dS, in
time interval d¢ is given by

d Standom = oSdW, (5.22)

where dW is our familiar Wiener process, and o is a constant. We also know
from looking at history that share prices, on average, grow exponentially with
time, just like money in a bank account. We will therefore choose the deterministic
part of the increment in the share to be one that generates exponential growth.
Thus

dS = uSdt + o SdW = (udt + odW)S. (5.23)

Here u is referred to as the expected rate of return of the share, and o is called the
volatility. The volatility determines how large the random fluctuations are. This is
the model that Black and Scholes used to describe the time evolution of a share.
Note that it is the time-independent multiplicative stochastic equation for which we
found the solution in Chapter 3. The advantage of this model is that it is simple, but
we now know, from detailed statistical analyses of historical share prices, that it is
not quite right. This is mainly because the assumption that the random fluctuations
are Gaussian is not quite right, and there is considerable research devoted to
devising more accurate models of the stock market. However, it is useful because
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it is sufficiently simple that we can derive fairly simple expressions for the prices
of some kinds of options, and it is sufficiently realistic that it is still used by traders
as a practical tool to calculate option prices.

To work out the price of a call option, C, we are going to construct two equivalent
portfolios, one that includes the option, and another whose time dependence we
know. From the assumption of no arbitrage, we will then be able to determine the
value of the option. To make the first portfolio, we will need to be able to own a
negative amount of an asset. So what does this mean? This means that when the
value of the asset goes up by an amount x, the value of our portfolio goes down
by the same amount. To make a portfolio like this we do the following. We borrow
the asset off somebody, with an agreement to give it back at a time 7T later, and
then immediately sell it (this is called short-selling). If its current price is P, then
we now have P dollars. Our portfolio consists of a debt of the asset to the person
we borrowed it off, and P dollars in the bank, being the current price of the asset.
Now let us see what the value of our portfolio is at time 7 if the price of the asset
has gone up. To be able to give the asset back to the person we borrowed it off,
we must buy the asset back. If the new price of the asset is P + x, then we have
to spend P + x dollars. Thus the money we have after we buy back the asset is
reduced by x dollars. What is the total value of our portfolio at time 7 ? The money
we have has gone up by the interest we earned, which is (¢'7 — 1) P, and has gone
down by x dollars. Thus, the portfolio behaves just as if we have positive P dollars
in the bank, and a negative amount of the asset.

To work out the price of an option we make a portfolio out of the option and a
carefully chosen amount of the asset, and show that this portfolio has no risk. Since
it has no risk, it must be equivalent to having money in the bank. To construct this
special portfolio, consider an option that gives the bearer the right to buy or sell
an asset, S, whose price is S. We say that the option is “written” on the asset, and
that S is the “underlying asset”, or the “underlier” for the option. We now make
the assumption that the value of the option, C, (whatever it is) will depend only on
the value of the underlying asset, S, and time. Thus we can write C = C(S, t). We
will also assume that the value of the option is a smooth function of the asset price
and of time, so that the derivatives dC/9S, 3*°C /35, and dC/dt exist. (We will
find that this is true.) Now we construct a portfolio consisting of the option and an
amount of the underlying asset S. The value of the portfolio is

IM=C+als, (5.24)

where « is the amount of the asset. We want to work out the change in the value
of the portfolio when we increment time by dt. Since we know the stochastic
differential equation for S, we can work out the stochastic differential equation for
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IT. We have

dl1=dC +adS
=C(S+dS, t+dt)—-C(S,t)+adS

C(S, 1)+ 3Cd5+ l—azc(dS)2+ acdt C(S, 1)+ adS
= N _— - - - 9 (x
98 2082 ot
[oC 192C aC
== dS + ———(dS*» + —dt
_as+“} T @St
[9C 19%2C aC
=|— Sdt + o SdW) + ———(S?62dr) + —dt
_aS+ai|(,u +o )+28S2( o~dt) + ”
i aC acC 1 92C aC
=|us(— — 4+ —028’— |dt+0oS|— dw.
_M (8S+a>+8t+20 852] +o [85-1-05]
(5.25)

Of course, we cannot solve this stochastic equation, since we don’t (yet) know
what 9C/dS, 9>C/3S? and 3C/dt are. However, we observe from this equation
that if we chose the amount of the asset to be

o= —E, (5.26)
N

then the equation for d S becomes completely deterministic! That is, if we choose
the right amount of the asset, any stochastic change in the price of the option is
exactly offset by the change in the price of the asset. In this case the value of
the portfolio IT has no random component, and therefore is just like having I1
dollars in the bank. Since this is equivalent to money, in order to avoid arbitrage
opportunities, the change in the value of this portfolio in the time interval d¢ must
be the same as that of money. Now recall that the “equation of motion” for money
M is

dM =rMdt, (5.27)

where M is the “risk-free” interest rate. We can therefore conclude that when we
seta = —aC/0dS, then dI1 should also obey the equation

dIl = rIldt. (5.28)

Equating the right-hand sides of Eq. (5.28) and Eq. (5.25), we have

aC  109%C
Mdt = | — + ———S8%02 | dt. 5.29
" [ar T ° ] (5:29)
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Dividing both sides by dt, replacing IT with C + «S = C — (dC/9S)S, and re-
arranging, gives

(5.30)

This is a partial differential equation for the option price C, and is called the
Black—Scholes equation. To obtain the option price C, one solves this equation.

5.2.3 Creating a portfolio that is equivalent to an option

To derive the Black—Scholes equation, we used the option and the underlying asset
to create a portfolio that had no stochastic part, and was therefore equivalent to
money. However, we can alternatively construct a portfolio from an amount of
money and some of the underlying asset that is equivalent to the option. This
allows us to artificially create the option. To do this we need to construct a portfolio
whose change in time interval d¢ is the same as that of the option. To work out
what this portfolio needs to be, all we have to do is rearrange the portfolio with
value IT that we have already constructed. We know that

dC =dIl —adS$S (5.31)

and we know that when @« = —dC/dS, then dT1 is just like having money. So let’s
make a portfolio out of M dollars and —c of the asset S. Denoting the value of this
portfolio by ®, we have

=M —auaS (5.32)
and
dd =dM — adS. (5.33)

Now, the change in this portfolio, d®, will be equal to dC when we choose the
amount of money to be M = I1 = C — «S. So to construct a portfolio that will
change its value in the next time increment dt by exactly the same amount as the
option, we first calculate the current value of the option C by solving the Black—
Scholes equation. We then purchase oS worth of the asset and put M = C — S
dollars in the bank (so as to earn the risk-free interest rate). Note that to do this we
have to use a total of C dollars, which is just the current value of the option. This
is expected, because in order to make a portfolio that is equivalent to the option C,
it should have the value of C at every time, and we should therefore have to spend
this amount of money to obtain it. If we now wait a time d¢, we know that the new
value of the portfolio, ®(¢ + dt) still has the same value as the option, C(t + dt),
because the change in the two are the same.
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To make our portfolio continue to match the value of the option after the next
time-step dt, so that &(t + 2dt) = C(¢t + 2dt), we must change the portfolio some-
what. The reason is that to make this work we had to chose « = —9C/dS, and
when we move one time-step to ¢ + dt, not only will the value of C change, but
the value of the derivative dC/dS will change as well. Now that we have moved
one time-step, we will therefore have to change the value of «, which means that
we will have to change the amount of stock we have in our portfolio. Since we
know that our portfolio has the value of the option at the present time, C(¢ + dt),
and since we know that to create the correct portfolio we need precisely C (¢ + dt)
dollars, we do not need to add or subtract any money from the portfolio, all we
have to do is to “rebalance’ the portfolio so that the portion of the total value that is
invested in the underlying asset is (0C (¢t 4+ dt)/9S)S. Of course, for this to work,
there needs to be no extra costs associated with the act of purchasing and selling
shares (so-called “transaction costs”). If there are some transaction costs, then it
will cost us more to create a portfolio equivalent to the option than the “true” value
of the option, because we would have to spend this extra money as time went by to
periodically rebalance the portfolio.

It is this process of artificially creating an option that allows financial institutions
to sell options to people. They sell the option to someone for its current value C,
and then use the money to construct the portfolio that is equivalent to the option.
They then rebalance the portfolio at intervals to keep it equivalent to the option
(they can’t do this exactly, but they do it well enough that their risk remains within
acceptable bounds). Then, at the time the option matures, if the option is worth
something (if it is “in the money”) the institution will have exactly this amount
in the portfolio, and can give it to the owner of the option. Since constructing the
artificial option costs the institution no more than the price that the owner paid for
the option, the institution is taking on only minimal risk when it sells the option.
However, because of transaction costs, and the work that the institution does in
rebalancing the portfolio, it will charge a bit more for the option than its “true”
value C.

5.2.4 The price of a “European’ option

We now discuss the solution of the Black—Scholes equation for European options.
The Black—Scholes equation is a partial differential equation for the option price
C. This means that C is a function of more than one variable (in this case the two
variables S and r) and that the differential equation contains partial derivatives with
respect to all of these variables. In this case we call C the dependent variable, and
S and ¢ the independent variables. The differential equations that we have dealt
with so far in this course have involved derivatives (actually, differentials) of only
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Pay-off Function for a European Call Option
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Figure 5.1. The pay-off functions for European call and put options with the strike
price E = 4.

one independent variable, time. In this case the solution for y at time ¢ depends on
the initial value of y, or, more generally, on the value of y specified at any single
instant of time.

To obtain a solution to the partial differential equation for C, where the indepen-
dent variables are ¢ and S, we must specify the value of C at an initial time t = 0
(or, in fact, at any single time ¢ = T'), and for all values of § at this initial time. In
this case, we call these specified values the boundary conditions, rather than just
the initial conditions. Thus to obtain the solution for the value, C, of an option at
the present time, we need to know the value of the option at some specified time.
Fortunately it is easy for us to work out the value of the option at the maturity (or
expiry) time 7.

The value of the option at the time of maturity, as a function of the share price, is
called the pay-off function. For a European call option for which the strike price is
E, then at the time the option matures, it is worth S(T') — E if S(T') > E (where §
is the share price, and 7 is the maturity time), or zero if S(T) < E. We can therefore
write the pay-off function for a European call as f(S) = max(S(T) — E, 0). For a
European put (which entitles the bearer to sell the shares for a fixed price E), the
pay-off function is F(§) = max(E — S(T), 0). We plot these pay-off functions in
Figure 5.1.

In addition to specifying the values of C at a particular time, we also need to
specify the values it takes at the boundaries (the extreme values) of the S variable.
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These are S = 0O (the shares have no value) and S — oo (being the limit in which
the share price is much larger than the strike price). By examining the stochastic
equation for S, we see that when S = 0 is will remain zero for all later times. This
means that when S = 0 the value of the call option is zero. When § tends to infinity
then the value of the call option also tends to infinity. For the put option we have to
think a little bit harder. When S = 0 at some time ¢, since we know it will remain
zero, we know that the value of the put option at maturity will be the strike price E.
If we know that we will have E dollars at time 7', then this is the same as having
e~ T=DE dollars in the bank at time ¢. Thus, on the S = 0 boundary, the put option
has the value P(0,¢) = e~ T"E. When S — oo, then S > E so that the value of
the put is 0.

Armed with the values of the European call and put options at the final time
T, and on the boundaries S = 0 and S — o0, one can solve the Black—Scholes
equation to obtain the value of these options at any earlier time ¢, including the
current time ¢ = 0 (being the time at which the option is sold). We will not discuss
the method by which the Black—Scholes equation is solved, but merely present the
solutions. The solution for the European call is

C(S,1) = SD(x) — Ee " T D(y), (5.34)
where D is the distribution function for a Gaussian random variable:

D(x) = ~Z/2 gz, (5.35)

1 / "
— e
V2 J
and x and y are given by

L log(S/E) + (r +0%/2)(T — 1)

5.36
oT —t ( )
and
log(S/E —02)2(T —t
_ log(8/E) + (r —o*/2(T —1) 5.3
oT —t
The value of the European put is
P(S,1) = —SD(—x) + Ee " T=DD(—y). (5.38)

It is important to note that the Black—Scholes equation is not specific to options.
To derive the Black—Scholes equation we used only the fact that the value of C was
a function of the price of the share S and time 7. Thus any portfolio whose value
V is a function only of S and ¢ will satisfy the Black—Scholes equation. The value
of the portfolio at all times (being the solution of the Black—Scholes equation) is
therefore determined completely by the value of the portfolio at a specified final
time, and at the other “boundaries” § = 0 and S — oo. Thus any portfolio that
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consists only of money, some amount $ of shares, and some amount of options on
these shares will satisfy the Black—Scholes equation. As a result, two portfolios of
this kind whose values are equal to each other for all S at a single time 7', will have
the same value for all time, and therefore be equivalent portfolios.

5.3 Modeling multiplicative noise in real systems: Stratonovich integrals

In the example of Brownian motion discussed above, the noise did not depend
on the state of the particle (the position or velocity of the particle). Noise that is
independent of the state of a system is said to be “additive”. How do we describe a
fluctuating force that is proportional to the position of the particle? Having already
treated multiplicative noise such as this in Chapter 3, we are tempted to say that the
noise would be described by adding a term proportional to xd W to the equation
for dp. However, this is not quite correct — there is a subtlety here that must be
addressed to get the description right.

The reason for the subtlety is that Wiener noise, the basis of our mathematical
treatment of noise, is an idealization. It assumes that in each infinitesimal time
interval (no matter how small) the increment due to the noise is different (and
independent of) the increment in the previous interval. This means that the noise
has fluctuations that are infinitely rapid! No physical process can really have this
property. To see this another way, consider the average acceleration of the Brownian
particle in a given small time interval A¢. This is

_ Ap AW
a(At)y=— =—yp+ ’BE' (5.39)

At

Now, since the standard deviation of AW is v/At, the last term is of order 1/+/At,
and thus goes to infinity as At goes to zero. Thus the force on the particle is infinite
(but fluctuating infinitely fast so that the average over a finite time is finite).

While all real forces will be finite, and thus cannot truly be Wiener noise, as
discussed in Section 4.6 the Wiener process is a good approximation to a real
fluctuating force so long as this force has fluctuations in a frequency range that
is broad compared to the frequency range of the motion of the system. This is
why the stochastic differential equations we have been studying are useful for
describing physical systems. However, it turns out that there is more than one way
to define a stochastic difference equation driven by random increments AW, and
thus more than one way to take the continuum limit to obtain a stochastic differential
equation.

The general Ito difference equation is

Ax = f(x, )AL + g(x, HAW. (5.40)
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Now, if we define x, = x(nAt), t, = nAt and the first random increment AW as
AW, then we can write the equation as

Xp = Xp—1 + Axp_y
=X, + f(xn—la tn—l)At + g(xn—l’ tn—l)AWn—b (541)

The general solution (obtained by repeatedly adding Ax, to the initial value of x,
xo = x(0)) is given by

N—1 N-—1
Xy =xX(NAD =x0+ Y fGn )AL+ D gt t)AW,.  (5.42)
n=0 n=0

This expression is not very helpful for finding an explicit solution for x(N At),
because to do we so we would have to repeatedly substitute in the solutions for
XN—1,XN—2,etc. This would give an unwieldy expansion, ultimately with an infinite
number of terms if we tried to take the continuum limit N — oco. However, this
does show us how the Ito integral, defined as

(x(t),t) dW = lim (Xn, 1) AW, (5.43)
A g N—o0 g g

appears in the solution for x(¢). The subtle point alluded to above is that there is
more than one way to define a stochastic integral of the Wiener process. Another
way, referred to as the Stratonovich integral, is

; N-1
fg(x(t), ) dW = 1lim Zg<x[(” + DA +x[”m],nm> AW,
0

N—o00 2
n=0
N
— lim g()wl_w,tn> AW, (5.44)
N—o00 1 2

where we have written the integral with an “S” so as not to confuse it with the
Ito integral. Now, if d W was the increment of a nice smooth function of time the
Ito and Stratonovich integrals would be equal, but this is not the case. Hence we
appear to have an ambiguity when defining the integral of the Wiener process —
which one should we use?

Before we answer that question, we will calculate the precise relationship
between the two kinds of stochastic integrals, the Ito integral — which is what
we have been using in solving our stochastic equations — and the Stratonovich inte-
gral. To understand where the difference comes from, note that in the Ito integral, in
the nth time-step, it is the value of g(x, ) at the start of the time-step that multiplies
the increment AW,. The value of g at this time is a function of all the previous
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increments, AW,_,, AW,_,, etc., but not of the new increment AW,,. Thus (AW,,)?
does not appear in the nth term. However, in the Stratonovich integral, the nth term
contains the value of g at the end of the interval for that time-step. This means that
in each time-step, the Stratonovich integral contains an extra term proportional to
(AW,)*. As we mentioned above, this would not matter if W(¢) was a sufficiently
smooth function (that is, differentiable), because (AW, )> would tend to zero in the
continuum limit. However, the square of the Wiener increment does not vanish in
this limit, but is instead equal to dt. It is this that results in the difference between
the Ito and Stratonovich integrals. We now calculate precisely what this difference
is.
We first define x,, as the solution to the Ito equation

Xn = Xp—1 + f(xn—la tn—l)At + g(xn—l’ tn—l)AWn—l- (545)

By referring to Eq. (5.45) as an Ito equation we mean that x, is the solution to
this stochastic equation where the solution is given by using the Ito definition of
a stochastic integral, defined in Eq. (5.43). Next we note that the nth term in the
Stratonovich integral is

(xn-H + X
g e —

AXx,
5 , Iy AWn =g Xn+T,tn AWn (546)

We now expand g as a power series about the point (x,, #,). To make the notation
more compact we define g, = g(x,, t,). Taking this expansion to second order

gives
Ax, Ax,\ 0g, Ax, 21 9%g,
n — ) = 8&n = . 5.47
g(x+2 )g+(2>8x+(2)28x2 (547
As always, the reason we take this to second order is because Ax, has a AW,

lurking in it. Now we use the fact that Ax, = f(x,, t,) At + g(x,, t,)AW,, and
remembering that AW? = At this gives

An nan 282n nan
g(xn+_xatn):gn+(i d —i—g"—g)At-i-(g— d )AWn-

2 2 9x 4 ox? 2 ox
(5.48)
Now we have expressed the g that appears in the nth term in the Stratonovich
integral entirely in terms of the g, that appears in the Ito integral. Substituting this

into the discrete sum for the Stratonovich integral will immediately allow us to
write this sum in terms of that for the Ito integral. The result is

N—1
Z g<w, tn) A‘/Vn =

n=0

N—1

N—1
8n 08n
AW, — At. 5.49
;g +; S (5.49)
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Note that in doing this we have dropped the terms proportional to At AW,,. Recall
that this is fine because, like (Af)?, they vanish in the continuum limit. The first
sum on the right hand side is the familiar sum for the Ito integral, so taking the
continuum limit we have

dg(x(),t
f glx(t),t)ydW = / gx(@),t)dW + < 5 / % (x(2),t)dt. (5.50)
0
We now see that if we define our solution to the stochastic equation
dx = f(x,t)dt + g(x, t)dW (5.51)

using the Stratonovich integral instead of the Ito integral, then this solution, which
we will call y(¢), would be

Y1) = ¥(0) + /0 FO), 1) di + fo (1), 1) AW

gy(0), 1) dg(y(0), t)}dﬂr/g(y(t), B dw.
2 ay 0

But this would be the solution we get if we used the Ito integral to solve the
stochastic equation

— y(0) + /0 [f(y(t), 0+

9
dy = | £+ 828 [ ar + gaw. (5.52)
2 dy

So we see that using the Stratonovich integral as the solution to a stochastic
differential equation is the same as solving the equation using our usual method
(the Ito integral) but changing the deterministic term f by adding (g/2)dg/0x.
Naturally we can also derive the relationship between Ito and Stratonovich
stochastic vector equations. Let us write the general vector Stratonovich equation

dx = A(x, t)dt + B(x, t)dW (5.53)

explicitly in terms of the elements of A and B. Denoting these elements as A; and
B;; respectively, the stochastic equation is

N
dx; = Ai(x.t)dt + Y Bij(x,1)dW; (Stratonovich), (5.54)
j=1
where the x; are the elements of x, and the dW; are the mutually independent
Wiener noises that are the elements of dW. If Eq. (5.54) is a Stratonovich equation,
then the equivalent Ito equation is

N N
dx; = % 2:: ; 9By \ar + Z B;jdW; (Ito).  (5.55)
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So why have we been studying the Stratonovich integral? The reason is that when
we consider multiplicative noise in a real physical system, it is the Stratonovich
integral rather than the Ito integral that appears naturally: it turns out that if we
have a real fluctuating force, and take the limit in which the bandwidth of the
fluctuations becomes very broad (compared to the time-scale of the system), it is
the Stratonovich integral which is the limit of this process, not the Ito integral. To
treat multiplicative noise in physical systems, we should therefore use the following
procedure.

Procedure for describing multiplicative noise in physical systems

When we write down a stochastic equation describing the dynamics of a system
driven by physical noise whose magnitude depends on the system’s state, this is
a Stratonovich stochastic equation. Because Ito equations are much simpler to
solve than Stratonovich equations, we transform the Stratonovich equation to an
Ito equation before proceeding. Then we can use all the techniques we have learned
in Chapters 3 and 4. If the noise is purely additive, then the Stratonovich and Ito
equations are the same, and so no transformation is required.

Further reading

Recent work on Brownian motion can be found in [18] and references therein.
An application of Brownian motion to chemical transport in cells is discussed
in [19]. There are numerous books on option pricing and financial derivatives.
Some use sophisticated mathematical language, and some do not. One that does not
is The Mathematics of Financial Derivatives: A Student Introduction by Wilmott,
Howison, and Dewynne [20]. Further details regarding Stratonovich equations
can be found in the Handbook of Stochastic Methods, by Crispin Gardiner [23],
and Numerical Solution of Stochastic Differential Equations, by Kloeden and
Platen [21].

Exercises

1. The current time is ¢t = 0, and the risk-free interest rate is r. Assume that there is a
commodity whose current price is P, and that a forward contract for the date T is
written for this commodity with forward price F = ¢’7 P. Determine an expression for
the value of the forward contract, F(¢), as a function of time, given that the price of the
commodity as a function of time is P(¢).

2. (i) Calculate 9C/9S for the European call option. (ii) Show that the expression for the
European call option (Eq. (5.34)) is a solution of the Black—Scholes equation.
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3.

Some applications of Gaussian noise
(i) Show that a very simple solution of the Black—Scholes equation is
V(S,t) = aS + be"’, (5.56)

where a and b are constants. (ii) What portfolio does this solution represent?

In Section 5.2.2 we explained how one could have a negative amount of an asset in
one’s portfolio. (Having a negative amount of an asset is called “shorting” the asset.)
Options are also assets, so we can have a portfolio that is

V(§,t)=C—-P, (5.57)

where P is a put option and C is a call option. (i) If the call and put have the same
maturity time 7 and strike price E, draw the pay-off function for the portfolio V.
(i) Plot the value of the portfolio

UGS, 1)=S— Ee" D, (5.58)

at time 7. (iii) How is the value of U at time T related to the value of V at time 7', and
what does this tell you about the relationship of the two portfolios at the current time
t=0?

If the stochastic equations

dx = pdt + B(x* + p) dV (5.59)
dp = xdt — y(x* + p*) dW, (5.60)
are Ito equations, then calculate the corresponding Strotonovich equations. Note that

dW and dV are mutually independent Wiener noise processes.
The equations of motion for a damped harmonic oscillator are

dx = (p/m)dt, (5.61)
dp = —kxdt — ypdt. (5.62)

Consider (i) a harmonic oscillator whose spring constant, k, is randomly fluctuating, and
(i1) a harmonic oscillator whose damping rate, y, is randomly fluctuating. Determine
the Ito equations for the oscillator in both cases by first writing down the Stratonovich
stochastic equations, and then transforming these to Ito equations.
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Numerical methods for Gaussian noise

6.1 Euler’s method

In Chapter 3 we described essentially all of the stochastic equations for which
analytic solutions are presently known. Since this is a very small fraction of all
possible stochastic equations, one must often solve these equations by simulating
them using a computer (a process referred to as numerical simulation). To solve
the stochastic equation

dx = f(x,t)dt + g(x, )dW 6.1)

in this way, we first choose an initial value for x. We can then approximate the
differential equation by the equation

Ax = f(x, )AL + g(x, HAW, 6.2)

where At is a small fixed value, and AW is a Gaussian random variable with zero
mean and variance equal to At¢. For each time-step At, we calculate Ax by using a
random number generator to pick a value for AW. We then add Ax to x, and repeat
the process, continuing to increment x by the new value of Ax for each time-step.

The result of the numerical simulation described above is an approximation to a
single sample path of x. To obtain an approximation to the probability density for
x at some time 7', we can repeat the simulation many times, each time performing
the simulation up until time 7', and each time using a different set of randomly
chosen values for the AWs. This generates many different sample paths for x
between time 0 and 7', and many different samples of the value of x at time 7. We
can then make a histogram of the values of x, and this is an approximation to the
probability density for x(7"). We can also obtain an approximation to the mean and
variance of x(7") simply by calculating the mean and variance of the samples we
have generated.

The above method works just as well for a vector stochastic equation for a set
of variables x = (xy, ..., xy), driven by a vector of independent noise increments

91
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dW = (dWl, ey dWM)I
dx = f(x, t)dt + G(x, t)dW, (6.3)

where G is an N x M matrix. As above the approximation to dx is given by
replacing dt with Ar, and dW with AW = (AW, ..., AWy).

This method for simulating stochastic differential equations is the stochastic
equivalent of Euler’s method [22] for deterministic differential equations. Below
we will describe a more sophisticated method (Milstien’s method) that is more
accurate.

6.1.1 Generating Gaussian random variables

To realize the simulation described above, we need to generate Gaussian random
variables with zero mean. The following method generates two independent zero
mean Gaussian variables with variance o2 = 1 [22]. We first take two random
variables, x and y, that are uniformly distributed on the interval [0, 1] (All modern
programming languages include inbuilt functions to generate such variables.) We
then calculate

X =2x—1, 6.4)
y =2y —1. (6.5)

These new random variables are now uniformly distributed on the interval [—1, 1].
We now calculate

r=x"?4+y"2 (6.6)

Ifr = 0,orr > 1, then we return to the first step and calculate new random variables
x and y. If r € (0, 1) then we calculate

g1 = x'y/=2In(r)/r, 6.7)
g =yv—-2In(r)/r. (6.8)

The variables g; and g, are Gaussian with zero mean and unit variance, and
mutually independent. If instead we want g; and g, to have variance c, then we
simply multiply them by \/c.

6.2 Checking the accuracy of a solution

The accuracy of the sample paths, means, and variances that we calculate using
Euler’s method will depend upon the size of the time-step A¢, and the values of x,
f and g throughout the evolution. The smaller the time-step with respect to these
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values, then the more accurate the simulation. The approximate sample path given
by the simulation converges to a true sample path in the limit as the time-step tends
to zero. A simple way to check the accuracy of a simulation that uses a particular
time-step is to perform the simulation again, but this time with the time-step halved.
If the results of the two simulations differ by only a little, then the first simulation
can be assumed to be accurate to approximately the difference between them. This
is because we expect the result of halving the time-step a second time to change
the result much less than it did the first time.

The process of halving the time-step, Az, of a simulation deserves a little more
attention. Note that a given sample path is generated by a given realization of the
noise, and this is the set of the AWs (chosen at random) for the simulation. Let us
say that there are N time-steps in our simulation, and denote each of the N noise
increments by AW,,, where n =0, ..., N — 1. If we wish to halve the time-step,
and generate an approximation to the same sample path, then we need to generate
a set of 2N Gaussian random numbers, A W,,, that agree with the previous set of N
random numbers A W,,. What this means is that the sum of the first two stochastic
increments AW, and AW, must equal the first stochastic increment A Wy. This is
because the total stochastic increment for the second simulation in the time-period
At,is AWy + AW, and this must agree with the stochastic increment for the first
simulation in the same time-step, in order for the two simulations to have the same
noise realization. This must also be true for the second pair, AW, and AWs, etc.
So we require

AWy + AWpyy = AW,,  n=0,1,...,N — 1. (6.9)

An example of two approximations to the same sample path, one with half the
time-step of the other, is shown in Figure 6.1. Fortunately it is very easy to generate
a set of AW,, for which Eq. (6.9) is true. All one has to do is generate N random
numbers 7, with mean zero and variance Ar/2, and then set

AWy, =1, (6.10)
AWapi1 = AW, — 1. (6.11)

The above procedure allows one to perform two simulations of the same sample
path for an SDE with different time-steps. If the difference between the final values
of x for the two simulations are too large, then one can halve the time-step again and
perform another simulation. One stops when the process of halving the time-step
changes the final value of x by an amount that is considered to be small enough for
the given application.

By repeatedly halving the time-step, one can also determine how rapidly the
simulation converges to the true value of x(7). The faster the convergence the



94 Numerical methods for Gaussian noise

Two Approximations to a Single Sample Path

Figure 6.1. The solid line is a numerical approximation to a sample path of the
Wiener process, with a time-step of A = 1. The dashed line is an approximation
to the same sample path, but with half the time-step. For these approximations to
correspond to the same sample path, the second must agree with the first at every
multiple of Az, denoted by the circles.

better, and different numerical methods have different rates of convergence. The
simple Euler method that we described above has the slowest rate of convergence.

6.3 The accuracy of a numerical method

The accuracy of a numerical method for simulating an ordinary differential equa-
tion, stochastic or otherwise, is measured by how fast the numerical solution
converges to the true solution as the time-step, At, is reduced. For a given dif-
ferential equation, and a given sample path, the error in the final value of x(7")
scales as some power of the time-step. The higher this power the faster the rate of
convergence. The faster the convergence, the larger the time-step that can be used
to achieve a given accuracy. The larger the time-step the fewer steps are required
for the simulation, and (so long as each step is not hugely more complex for the
faster method) the simulation can be performed in less time.

In general the error of the Euler method is only guaranteed to scale as At (but
it sometimes does better — see Section 6.4.1 below). The accuracy of a numerical
method is referred to as the order of the method, and for stochastic simulations, by
convention, this order is quoted as one-half less than the power by which the error
scales. The Euler method is thus said to be half-order. There is a perfectly sensible
reason for this terminology. It comes from writing the approximate increment as
a power series in Af, which one imagines to agree with the true increment up to
some particular power, and then disagree for higher powers. Because the AW part
of the increment is proportional to v/Ar, one must use a power series in /A,
rather than Af. Thus if the error of the increment Ax is proportional to At, as in
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Euler’s method, then the increment is accurate to /At (half-order in At), being
the order of the first term in the power series. For a rigorous justification of these
arguments, we refer the reader to the comprehensive text on numerical methods for
SDEs by Kloeden and Platen [21].

In the next section we describe a simple numerical method that is accurate to
first-order in At, and thus for which the error scales as (A£)3/2.

6.4 Milstien’s method

The usefulness of Milstien’s method comes from its simplicity, and the fact that
it gives a significant improvement over Euler’s method, since it is accurate to
first-order in At. The Milstien method approximates the increment, dx, of the
differential equation

dx = f(x,t)dt + g(x,t)dw (6.12)
by

Ax = fAr+gAW + 53— STawy - af]. (6.13)

Here we have suppressed the arguments of f and g to avoid cluttering the notation.

6.4.1 Vector equations with scalar noise

For the vector differential equation with a single (scalar) noise source, d W, given
by

dx = f(x, t)dt + g(x, t)dW, (6.14)
where x = (x1,...,xy)T, f= (fi,.on, fN)T and g = (g, ..., gN)T, Milstien’s
method is

M
Ax; = filt + g AW + Z 'ai [(AW)? — Ar]. (6.15)

Two special cases of this are as follows.

1. The Ornstein—Uhlenbeck process with scalar noise. The equation for this process is
dx = Fxdt + gdW, where F is a constant matrix, and g is a constant vector. As a
result Milstien’s method is just the same as Euler’s method, being

AX = FX At +gAW. (6.16)

This means that for additive noise, Euler’s method is a first-order method.
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2. The general linear stochastic equation with scalar noise. For the general linear stochas-
tic equation with a single noise source, dx = Fxdt + GxdW, where F and G are
constant matrices, Milstien’s method becomes

1
AX = FX At + GX AW + 5G2x [(AW)* — At]. (6.17)

6.4.2 Vector equations with commutative noise

When there are multiple noise sources (that is, a vector of noise increments)
Milstien’s method is, in general, considerably more complex. Before we present
this method in full, we consider a special case for which the method remains simple.
A general vector stochastic differential equation is given by

dx = f(x, t)dt + G(x, t)dW, (6.18)
where dW is a vector of mutually independent noise sources,
=@W,....dWy)", (6.19)

and G is an N x M matrix whose elements, G;;, may be arbitrary functions of x
and 7.
If the matrix G satisfies the set of relations

N

>.G @=Z mk ”, Vi, j.k, (6.20)

m
/ 0X,,
m=1

then the noise is said to be commutative. A number of important special cases
fall into this category, including additive noise, in which G is independent of x,
diagonal noise in which G is diagonal, and separated linear noise, in which

Gij = gij(t)xi, (6.21)

where the g;;(¢) are arbitrary functions of time. This last case is referred to as
“separated” because G;; does not include x, for j #i.
When the noise is commutative, Miltstien’s method for solving Eq. (6.18) is

j=1 j=1 k=1
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6.4.3 General vector equations

For a completely general vector stochastic equation, the expression for Milstien’s
approximation to Eq. (6.18) involves a stochastic integral that cannot be written in
terms of the discrete noise increments AW ;. This expression is

t+At
ﬁAt+ZG11AW +ZZ|: mjaalei|/ /dW t"dWi(s).
m=1

j=1 k=1
(6.23)

When j = k, the double integral does have a simple expression in terms of the
discrete stochastic increments, being (see Section 3.8.3)

t+At ps
/ /dwj(z/)dwj(s) = % [(AW;)* — At]. (6.24)

But this is not the case when j # k. Kloeden and Platen suggest a practical method
for approximating the double integral for j # k [21], and this provides us with a
numerical method for solving the vector stochastic equation. To present Kloeden
and Platen’s approximation we need a few definitions. We define a;,,, bj,,, and
cjm, for each of the integer indices j and m, to be mutually independent Gaussian
random variables with zero means and unit variances. We also define

1
Yy = — — — ) —. 6.25
"2 2712”2_1:;12 (6.25)

Finally, let us denote the double integral in Eq. (6.23) by
t+At
Hj = / /dW t"dWi(s). (6.26)
With these definitions, an approximation to the double integral is given by
2 At

LA (N T2 AW ven | — b | [ 2w+ (6.27)
— in |/ — Con | = bin || —AW; +cjn | |- (6.
2 / AT k At

AW; AW, T
= (’—" +/ = [ajm AW, —akmAWj])

The larger the value of m, the better the approximation to H ;. The average error
of the approximation is given by

2 A? 1 A1)?
(=)'} = S 3 = 628
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Here the bound is obtained by using the inequality

=1 | 1
E — < —dx = —. (6.29)
n? m X2 m
n=m+1

6.5 Runge—Kutter-like methods

A potential disadvantage of the Milstien method is that one must evaluate the
first derivative of the function g(x, ¢) that multiplies the stochastic increment. For
deterministic differential equations it is the Runge—Kutter family of methods that
eliminate the need to evaluate such derivatives. Similar methods can be found
for stochastic equations. Here we present a first-order method of this type that
was obtained by Platen, building upon Milstien’s method. We will refer to it as
the Milstien—Platen method, and it is obtained from Milstien’s method above by
replacing the derivative of g with an approximation that is valid to first-order. For
a stochastic equation containing only a single variable x, the first-order approxi-
mation to the term gg’ that appears in Milstien’s method is

g(x, t)%g(x, r)~ \/% [g(g, 1) — g(x, )], (6.30)
with
g =x+ fAt + gVAt. 6.31)

Substituting this into Milstien’s method for a single variable, Eq. (6.13), we obtain
the Milstien—Platen method for a single variable:

Ax = fAt + gAW + —— g, DI [(AW)* — At]. (6.32)

2\/— g(q’t)_

For a vector stochastic equation with scalar noise (Eq. (6.14)), the Milstien—
Platen method is

1
AL+ AW + —=[gi(@. 1) — (X, DI [(AW)’ — Ar],  (6.33)
= fi g >/ @D =8 [ ]
where the ith element of the vector q is
qi = x; + fiAt 4+ giV At. (6.34)

For a general vector equation, the Milstien—Platen method is obtained by sub-
stituting into the Milstien method (Eq. (6.23)) the approximation

N

9
§ Gj(x, t)KGik(x, 1)~ [Gi;@®, 1) — Gijx, ],  (635)
m=1 m

1
v At
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where the ith element of the vector q is

ql-(k) =Xx; + fiAt + GV At. (6.36)

6.6 Implicit methods

Numerical methods for solving differential equations can suffer from instability.
An instability is defined as an exponential (and thus rapid) increase in the error,
and happens when a small error in one time-step causes a larger error in the next
time-step, and so on. This can happen spontaneously at some point in time, even
when the solution has been accurate up until that time. While this problem is fairly
rare, it is more prevalent for differential equations that generate motion on two or
more very different time-scales. (That is, the solution oscillates on a fast time-scale,
and also changes on a much longer time-scale, where the longer time-scale is the
one we are really interested in.) Differential equations with two or more disparate
time-scales are referred to as being “stiff”.

If a particular method has a problem with instability, this can usually be fixed by
using “implicit” methods. Implicit methods are just like the “explicit” methods we
have discussed above, but they use the value of the variable or variables at the end
of the time-step to evaluate the derivative, instead of the value(s) at the beginning.
For example, instead of writing the Euler method for a single variable as

x(t 4+ At) = x(t) + Ax(t) = x(t) + flx(@), t]At + g[x (@), t]AW, (6.37)
we replace x(¢) in the functions f and g with x(z + At). This gives
x(t+ At) = x(t) + flx(@ + At), t]At + g[x(t + At), t]AW. (6.38)

This method is called “implicit”, because it gives an “implicit” equation for x (¢ +
At) in terms of x(¢). To actually calculate x(t + At) from x(¢) we must solve
Eq. (6.38) for x(¢ + At). This is simple if f and g are linear functions of x, and if
not, then we can always use a version of the Newton—Raphson method to solve the
implicit equation at each time-step [22].

For a vector stochastic equation (Eq. (6.18)), it turns out that making the replace-
ment x(¢) — x(t + At) in Ax(¢) (that is, in the functions f and G in Eq. (6.18)) in
any explicit method preserves the order of the method. Thus all the methods we
have described above can be immediately turned into implicit methods by making
this replacement.

6.7 Weak solutions

So far we have considered the speed at which a numerical method will converge to
a sample path. Convergence to a sample path is referred to as strong convergence.
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Similarly, methods that give strong convergence are called strong methods, and the
sample paths they generate are called strong solutions. If one is not interested in the
sample paths, but only in the properties of the probability density of x at some final
time 7', then one need only consider how fast these properties, such as the mean
and variance, converge. These properties are determined by averaging over many
sample paths, and for a given numerical method, often converge at a different rate
than the individual sample paths. The convergence of the moments of the probability
density for a stochastic process x(7') is referred to as weak convergence. Methods
that provide this kind of convergence are called weak methods, and sample paths
generated by these methods are called weak solutions. Euler’s method, described
above in Section 6.1, converges at first-order in Ar for the purposes of obtaining
weak solutions, so long as the functions f(x, ) and G(x,?) in Eq. (6.3) have
continuous fourth derivatives. Thus Euler’s method is a half-order strong method,
and a first-order weak method.

6.7.1 Second-order weak methods

We can, in fact, obtain second-order weak schemes that are no more complex, and in
the general case less complex, than Milstien’s strong scheme described above. For
a stochastic equation for a single variable (Eq. (6.1)), a second-order method [21]
18,

1
Ax = fAt+ gAW + Egg/ [(AW)* — At]

1 1
+ 5 (ab’ + ba' + 5b%”) AW At

1 1 1 2 n 2
+ = aa + =b"a" ) (At)", (6.39)
2 2
where we have defined ' = 9f/0x and g’ = dg/dx.

For a vector stochastic equation (Eq. (6.18)), a second-order method is

M
Axi = fiAt + Dfi(AD + Y Gy AW,
j=1

M
+%Z|:DGU+ZGM }AW At

j=1

M M
% 3 (Z Gy 5 ) (AW, AW, — £4AD),  (6.40)

j=1 k=1 \m=1
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where D is the differential operator

A B (A . 92
D = 5+;fna—xn+§;;;Gnl(}ml—axnax’n- (6.41)
The & are given by
&i=1, (6.42)
&j=—§;, for j<i, (6.43)

and for j > i the §;; are two-valued independent identical random variables with
the probabilities

Prob(¢;; = +£1) = 1/2. (6.44)

Further reading

For all the classes of methods we have presented here, there are also higher-order
versions, although for strong methods these become rather complex. The interested
reader can find all these methods, along with full details of their derivations, in the
comprehensive tour de force by Kloeden and Platen [21].
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Fokker—Planck equations and
reaction—diffusion systems

Recall from Chapter 3 that a stochastic equation is a differential equation for a
quantity whose rate of change contains a random component. One often refers to
a quantity like this as being “driven by noise”, and the technical term for it is a
stochastic process. So far we have found the probability density for a stochastic
process by solving the stochastic differential equation for it. There is an alternative
method, where instead one derives a partial differential equation for the probability
density for the stochastic process. One then solves this equation to obtain the
probability density as a function of time. If the process is driven by Gaussian
noise, the differential equation for the probability density is called a Fokker—Planck
equation.

Describing a stochastic process by its Fokker—Planck equation does not give
one direct access to as much information as the Ito stochastic differential equa-
tion, because it does not provide a practical method to obtain the sample paths
of the process. However, it can be used to obtain analytic expressions for
steady-state probability densities in many cases when these cannot be obtained
from the stochastic differential equation. It is also useful for an alternative pur-
pose, that of describing the evolution of many randomly diffusing particles.
This is especially useful for modeling chemical reactions, in which the various
reagents are simultaneously reacting and diffusing. We examine this application in
Section 7.8.

7.1 Deriving the Fokker-Planck equation

Given a stochastic process x(¢) with the Ito differential equation
dx = f(x,t)dt + g(x, t)dW, (7.1)

then the Fokker—Planck equation can be derived very easily. To do this we first
calculate the differential equation for the mean value of an arbitrary function /(x).

102
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Using Ito’s rule, the SDE for i(x) is

dh d’h\ g%(x,1) dh
df = < )f(x Hdt + (d 2) 3 S Cdt + <E> g(x,HdW. (1.2)

Taking averages on both sides gives the differential equation for the mean of f,

being
2 2
d(h) = <f(x, ) (%»dr + <g (;’ ) <%>>dr, (1.3)

or alternatively
d(h) 2(x, l’) d2h
G (oo () (550 (5)
- dh\ g x,t) (d*h
= /Oo [f(x, 1) (d_x) + — (d 2)] P(x,t)dx. (7.4)

We now integrate by parts, once for the first term, and twice for the second term.
Using the relations lim, , 4o P(x, #) = Oand lim,_, y» P(x, ) = 0, both of which
follow from the fact that ffooo P(x,t)dx =1, we obtain

dn) _ Ooh 9 P Lo o P dx. (15
7—/00 (x){—a[f(x,t) (x,t)]+§ﬁ[g (x, 1) (x,t)]} x. (7.5

We also know that the mean of f is given by

(h) = /00 h(x)P(x,t)dx, (7.6)

o0
so that the derivative of the mean can be written as

=L [ hwpeinar= [ oL pena .7
_ — X X, X = X)— X, X. .
dt dt J_o oo ot
Equating Eqs. (7.5) and (7.7), and realizing that they must be equal for any h(x),
gives us the Fokker—Planck equation for the probabilty density for x(z):

2

0 ad 19
aP(x, 1) = ~3r [f(x,)P(x,t)] + 39x2 [D(x,t)P(x, )], (7.8)

where we have defined D(x, t) = g%(x, 1).
We can obtain the Fokker—Planck equation for a vector Ito stochastic equation
in the same way. For the vector stochastic equation

dx = f(x, t)dt + G(x, 1)dW, (7.9)
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Pl i)
Flow in - Flow out
R(a,t) R(a+Ax,t)
a a+Azx

Figure 7.1. A diagram illustrating the calculation of the probability current.

wherex = (x1, ..., x0) L= (fi1, ..., [T, dW = (dW,, ..., dWy)" is a vector
of M mutually independent Wiener increments, and G is an N x M matrix, the
corresponding Fokker—Planck equation is

9 N 1 LY 92
§P=—Za—m[ﬁP]+§;§ [D;;P]. (7.10)

0x;0x;
i=1 1 L)

where the matrix D = GG". Here P = P(x, t) is the joint probability density for
the variables xq, ..., xy.

7.2 The probability current

It is useful to write that the Fokker—Planck (FP) equation for a single variable in
the form

9 P(x,t) = 9 [— (x,t)P(x,t L9 (D(x,t)P t))i| = - 9 J(x, 1)
E X, — a fx7 ()C, )+§a (-xa ) (-xv = 5 X, 1),
(7.11)

where J(x, 1) is defined as
J(x,0) = f(x,0)P(x,1) — %—aa [D(x, t)P(x,1)]. (7.12)
X

The relation between P and J, as given by Eq. (7.11) implies that J(x) is the
probability current: J(x,t) is the rate at which probability is flowing across the
point x at time 7. To see this, consider the probability that x lies within the narrow
interval [a, a + Ax]. This probability is approximately P(a, t)Ax. Now consider
the rate of change of this probability. As illustrated in Figure 7.1, this rate of change
is given by the difference between the rate at which probability is flowing into the
interval from the left, and the rate that it is flowing out from the right. Denoting the
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rate of flow of probability across the point x at time ¢ as R(x, t), we have
d
E[P(a, t)Ax] = R(a,t) — R(a + Ax, t). (7.13)

Dividing both sides by Ax, and taking the limit as Ax — 0, we get

EP(a, H=— lim R(a + Ax,t) — R(a,t) _
ot Ax—0 Ax

Comparing this with Eq. (7.11) we see that J(x, ¢) is indeed the rate of flow of the
probability across the point x.

When the Fokker—Planck equation contains multiple variables (that is, has more
that one spatial dimension), one finds similarly that the probability current vector,
J = (J1, ..., Jn), now giving both the speed and direction of the flow of probability
at each point, is given by

—iR(a, 1). (7.14)
da

N

1 @
Ji(x, t):fl-P—EjX_I:B—Xi(DijP). (7.15)

7.3 Absorbing and reflecting boundaries

To solve an FP equation, one may also need to specify the boundary conditions.
If x takes values on the entire real line, then this is unnecessary since we know
that P tends to zero as x — 400, and this will be reflected in the initial condition,
being the choice for P(x, t) at t = 0. However, if x has some finite domain, say
the interval [a, b], then we need to specify what happens at the boundaries a and
b. The three most common possibilities are as follows.

1. Absorbing boundaries. An absorbing boundary is one in which the particle is removed
immediately it hits the boundary. This means that the probability that particle is on the
boundary is always zero, and this situation is therefore described by the condition

P(c,t) =0, (7.16)

where c is the location of the absorbing boundary.

2. Reflecting boundaries. A reflecting boundary is one for which the particle cannot pass
through. This means that the probability current must be zero across the boundary, and
is therefore given by the condition

J(c,t) =0, (7.17)

where c is the location of the reflecting boundary.

3. Periodic boundaries. In this case the two ends (boundaries) of the interval are connected
together. This means that the particle is moving on a closed loop such as a circle in one
dimension, or a torus in two dimensions. In this case, since the two ends describe the
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same physical location, both the probability density and the probability current must
be the same at both ends. This is therefore described by the two conditions

Pla,1) = P(b, 1), (7.18)
J(a, 1) = J(b, 1), (7.19)

where the interval in which the particle moves is [a, D].

These three kinds of boundary conditions can also be applied to FP equations
in more than one dimension. For reflecting boundaries this means setting to zero
the dot product of the vector current with the vector normal to the surface of the
boundary.

7.4 Stationary solutions for one dimension

When the FP equation is one dimensional (that is, has only a single variable, x),
one can fairly easily calculate its stationary or steady-state solutions. A stationary
solution is defined as one in which P(x, t) does not change with time. Often P(x, t)
will tend to the stationary solution as t — oo for all initial choices of the probability
density, and for this reason the stationary solution is important. The differential
equation that describes the stationary solutions is obtained by setting d P/dt = 0
in the FP equation. It is therefore

9 P Lo D(x)P =0= a] 7.20
— WP+ 575 [DWPWI = 0= ——J(x).  (120)

This equation tells us that the probability current does not change with x, and is
therefore the same everywhere. The probability current must also be constant with
time, because this is required for P to be constant with time.

If we have reflecting boundary conditions, then J = 0 on at least one boundary,
and thus J = 0 everywhere. In this case the differential equation for the stationary
solution is

d
Ir [D(x)P(x)] =2f(x)P(x). (7.21)
Defining a new function &£(x) = D(x)P(x), we see that this equation is just a linear

differential equation for /:

d 2

s _ 1201, (7.22)
dx D(x)

The solution is

P(x) ) Md :| , (7.23)

1
~ NDk) e"p[ . D"
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where the particle moves in the interval [a, b], and \V is a constant chosen so that

b
/ P(x)dx = 1. (7.24)

If we have periodic boundary conditions, then J will not necessarily vanish.
Neither is J a free parameter, however; as we will see, it is completely determined
by the assumption of stationarity. In this case the equation for the stationary solution,
P(x), is given by
d
o [DX)P(x)]=2f(x)P(x)— J. (7.25)
Once again defining £(x) = D(x)P(x), this is a linear equation for &, but this time
with a constant “driving” term:

s [2f0)7,
ZZ_[D@JS ! 720

The solution (see Section 2.4.1) is

P(x) = [12)8} {P(a) [?EZ))] —2J /Zd(l;)} , (7.27)

where we have defined

Z(x) = exp|: / (M)duj| . (7.28)
a D(u)

Now we apply the periodic boundary condition P(a) = P(b) (note that we have

already applied the boundary condition on J by making J constant), and this

gives

P(a) [ D(a) D(b)
/= 2 [P du [Z(a) Z) | (7.29)
a Zw)
The solution is therefore
I:M X du _ D) bdu]
Z(b) Ja Z(u) Z(a) Jx Z(u)
P() = PO (7.30)
Z(x) Ja Z(u)

7.5 Physics: thermalization of a single particle

Consider a physical system whose state is described by the vector x. When this
system is placed in contact with a much larger system, called a bath, in thermal
equilibrium at a temperature 7', the probability density for the system “settles down”
and becomes stationary. This stationary probability density, P(x), is proportional



108 Fokker—Planck equations and reaction—diffusion systems

to exp[—BE(x)], where E(x) is the energy of the system when it is in state x,
and B = 1/(kgT), where kg is Boltzmann’s constant. The process by which the
probability density settles down to a stationary state is referred to as thermalization.
The stationary probability density is called the Boltzmann distribution.

It turns out that the simple stochastic equation that we used to describe Brownian
motion in Section 5.1 also provides a model of thermalization for a single particle.
We consider a small particle immersed in a fluid, just as in the case of Brownian
motion, and as before consider only motion along a single dimension. This means
that the state of the system is described by the vector x = (x, p), so that the FP
equation for the system will be two-dimensional. This time we make the description
more general than our previous treatment of Brownian motion, by allowing the
particle to be subject to an arbitrary spatially dependent force, F(x). In this case
the potential energy of the particle is V (x), where F = —dV /dx. The stochastic
equation for the motion of the particle is now

dx p/m 0
— 7.31
(dp) (—V/()c)—wv)dﬂr <g)dW’ (730

where V'(x) = dV /dx, and v is the frictional damping. Note that the total energy
of the particle as a function of its state, x = (x, p), is

»?
Ex)=Vx)+ —. (7.32)
2m

We can now write down the equivalent FP equation for the particle, which is

0P _ _pOP L9 [V&)P +ypP]+ g b
ot m 0x ap 2 op?
P P P 9P
Subsituting
P(x) = L exp |:— (l) (2mV(x) + pz)i| (7.34)
N g?

into the FP equation shows that it is the stationary solution. Here, as usual, A/
is a constant chosen so that P(x) is normalized. If we choose the strength of the
fluctuating force, g, to be

2
§ = 2ymksT = —)l;m (7.35)
then the stationary solution is exactly the Boltzmann distribution. This shows us that
not only does the simple model of Brownian motion in Eq. (7.31) get the statistics
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of the random motion of the particle correct, but it also gets the thermalizing action
of the bath on the particle correct as well! This gives us further reason to trust that
Wiener noise is a good approximation to the random force applied to a particle by
the molecules of a fluid.

7.6 Time-dependent solutions

Since FP equations describe the same systems as stochastic equations driven by
Wiener noise, we already know a number of solutions to FP equations: these are the
same as those for the equivalent stochastic equations. In particular, the FP equation

for the vector X = (x1, ..., xy)", given by
N N N N
dP 0 1 92P
— = — Fiix;P |+ = Djj———, 7.36
ot gaxi ; v 2;]22: Tox;0x; (7:30)

describes the vector Ornstein—Uhlenbeck process
dx = Fxdt + GdW, (7.37)

with D = GG". Because of this we know that if the initial values of the variables
are X = [, then the solution is the multivariate Gaussian

P(x. 1. po) = m exp {—% [x — I [TO] ™ [x — /L(t)]} :
(7.38)
where the mean vector and covariance matrix are
n(t) = e o, (7.39)
r(t) = A UGG =g (7.40)

We can also easily determine the solution if the initial values of the variables are
not known precisely. In this case the initial value vector p, is a random variable
with a probability density. Since the solution to the stochastic equation for x is

13
x(t) = po + e"'x(0) + / e IG(s)dW(s), (7.41)

0
the probability density for x(¢) is the convolution of the probability density for u
with that for Y (t) = ¢f'x(0) + fol e"=9G(s)dW(s). The probability density for Y
is simply the solution above, Eq. (7.38), with u, = 0. Thus the general solution for
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a random initial condition is

o0 o0
Pon(X, 1) =/ / P(po)P(x — po. 1,0) dul” ... dul”
—00 —00

= / P(po) P(x, 1, po) dpy. (7.42)

o0

Here the elements of u are denoted by ng ), j=1,...,N.

7.6.1 Green’s functions

There is another way to derive the general solution to the FP equation for the
Ornstein—Uhlenbeck process (Eq. (7.42)), and this method can also be applied to
other processes. To do this we first note that all FP equations are linear. That is,
they do not contain nonlinear functions of P or its derivatives. Because of this, any
linear combination of one or more solutions to an FP equation is also a solution.
We next note that the solution to an FP equation with a fixed (known) initial value
for the variables, x(0) = u,, is a solution for the initial condition

P(x,0) = 8(x — po). (7.43)

Here § is the Dirac §-function, described in Section 1.8. Further, using the definition
of the §-function, we can write any initial condition for P, Py(x), as a linear
combination (integral) of 5-functions:

o0

Po(x) =/ Py(y)d(x —y) dy. (7.44)
—0Q

If the solution to the FP equation for the initial -function 8(x — ) is Py, (X, 1),

then because all FP equations are linear, the solution for the general initial condition

P(x,0) = Py(x) is the same linear combination as in Eq. (7.44), but now it is a

linear combination of the solutions P, (x, t). The general solution is thus

o0

Puatxc) = | Puli) P 1) it (7.45)
—0o0

For the Ornstein—Uhlenbeck FP equation this is exactly the solution given in

Eq. (7.42).

The method of solving a partial differential equation by first finding the solution
for a §-function initial condition, and then obtaining the general solution using
Eq. (7.45), is called the method of Green’s functions. The solution for the initial
condition P(x, 0) = 8(x — ) is called the “Green’s function”.
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7.7 Calculating first-passage times

We can use Fokker—Planck equations to determine the probability densities for
“first-passage” times of stochastic processes. Recall from Section 4.2 that the
first-passage time of a process is the first time at which a sample path reaches
some specified value, a. Alternatively, one can consider the first-passage time for
a particle to leave a region. This is the time at which a sample path first hits the
boundary of the region. For a one-dimensional process this is the time that the
process reaches one of the ends of a given interval [a, b]. First-passage times are
also referred to as “exit times”. Here we consider calculating first-passage times
for one-dimensional processes in which the drift and diffusion functions, f and D,
are time-independent.

7.7.1 The time to exit an interval

We consider now a process that starts at position x(0) = y, where y is in the interval
[a, b], and show how to obtain a differential equation for the probability that the
exit time, 7', is greater than 7. This is also the probability that the process remains
inside the interval for all time up to and including r. We will call this probability
P, (t, ). To calculate Py, (¢, y) we impose absorbing boundary conditions on the
FP equation at the ends of the interval, [a, b]. With these boundary conditions the
integral of the solution to the FP equation, P(x, |y, 0), over the interval [a, b]
gives us the probability that the process is still inside the interval at time ¢, and thus
P (t, y). That is

b
Prob(T > t) = Py(t,y) = / P(x,t)y,0)dx. (7.46)

We now note that since the FP equation is time homogenous (because f and D are
time-independent), shifting the time origin does not change the solution. Thus

b
P.(t,y) = / P(x,0]y, —t)dx. (7.47)

Written this way, the probability that the exit time is greater than ¢ is a function of
the time and place at which the process starts.

The Fokker—Planck equations we have considered up until now have described
the evolution of the probability density for a process, given that it started at a fixed
time, and fixed place. But we could also consider deriving a differential equation
for a function of the initial position and time, given that the final position and time
are fixed. That is, a differential equation for the function

R(y, 1) = P(x, 0]y, —1). (7.48)
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Once we have R(y, t), then we can obtain Prob(7" > t), using Eq. (7.47) above. The
differential equation for R(y, t) is called the backwards Fokker—Planck equation.
We will not derive the backwards FP here, as this derivation is rather involved.
It can be found in sections 3.4 and 3.6 of Gardiner’s Handbook of Stochastic
Methods [23]. For a process described by the (forwards) FP equation

3 d 1 02
—P(x,1) = —— P(x, )]+ =— [D(x)P(x, 1)], 7.49
o7 (x,1) o [f(x)P(x )]+28x2[ ()P (x,1)] (7.49)
the corresponding backwards FP equation is
8R( 1) = f()aR( t)+1D()82 R(y, 1) (7.50)
51 R0 0= —fOZ-R(, 0 + 3 DW37 RO, D. :

We note that it is also common to define R(y, t) with a minus sign in front of the
t. In that case, the backwards FP equation is given by putting a minus sign in front
of the right-hand side of Eq. (7.50).

Since P,,(¢, y) is merely the integral of R(y, t) over x (Eq. (7.47)), it is simple
to check that it obeys the same equation as R(y, t). To solve the backwards FP
equation for Py, (z, y), we need to know the boundary conditions. Since the process
is inside the interval at + = 0, we have P,,(0, y) = 1. If the process starts on the
boundaries, then at r = 0 it has already reached the exit (since it is immediately
absorbed once it is on one of the boundaries), and thus P;,(¢, a) = Pi,(t, b) = 0 for
all ¢t > 0. The differential equation for P, (, y) is thus

a d 1 0?
— Py, y)=— — Py (¢, —D(y)— Pul(t, y), 7.51
PPRCIUR) f(y)ay .y +3 (y)ay2 (t,y) (7.51)
with the boundary conditions

P,0,y)=1, a<y<b, (7.52)

Py(t,a) = Py(t,a)=0, t>0. (7.53)

Since P, (¢, y) is the probability that the time-to-exit, T, is greater than ¢, the
probability distribution for T is

Dr(t) =Prob(0 < T <t)=1— Pyl(t, y), (7.54)

1) = )= in 1 s . ; . ;

The solution to the backward FP equation therefore gives us all the information
about the first-exit time from an interval.
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The average exit time

Using the above results, we can obtain a closed-form expression for the average
time it takes a process to exit an interval. The average first-passage time is

(T) = /OotPT(t)dt = — /wtiPm(t, y)dt = /OO P.(t, y)dt. (7.56)
0 o Of 0

Here the last step is given by integrating by parts, and using the relation # P, (¢, y) —
0Oast — oo. This relation follows from the assumption that 7" has a finite mean. We
can now obtain a simple differential equation for (7"), from the differential equation
for P,(t, y). Since (T) is a function of the initial position of the process, y, we
now write it as (7'(y)). If we integrate both sides of the Fokker—Planck equation
for P, (¢, y) from O to oo, we get

a 1 92
—1= —f(y)g(T(y)) + ED(y)a—yz(T(y)% (7.57)

where for the right-hand side we have used Eq. (7.56), and for the left-hand
side we have used the fact that P, (co, y) = 0. This equation can be solved by
defining G(y) = 9(T(y))/dy, and noting that the resulting equation for G can be
rearranged into the form of a first-order differential equation with driving (see Sec-
tion 2.4.1). Applying the boundary conditions, which are (T (a)) = (T (b)) = 0, the
solution is

o) —i[Qy/bfx dxdx’ // dxdx’ ] (7.58)
T =g | Z(x)B(x) Z(x)B(x)) '

Z(y) =exp [ IJ;((X))d } , (7.59)

Q) = f e (7.60)
x Z(X')

where

7.7.2 The time to exit through one end of an interval

The first-passage time for a process to reach a value a from below is equivalent to
the time it takes the process to exit an interval [c, a] through the end at a, when
¢ = —oo. We will denote the time that a process exits the interval [c, a] through
a by T,. We can calculate the probability of exit through a particular end of an
interval by integrating the probability current at that end. The probability that a
process that starts at x € [c, a] will exit through a at time ¢ or later is given by
integrating the probability current at a from ¢ to co. Denoting this probability by
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P, (t, x), we have

Py (t, x) = Prob(T, > t) = / J(a,t'|x,0)dt, (7.61)
t
and the probability current at a is given by
19
Ja,tlx,0) = f(a)P(a, 1]x.0) — 5 [D(@)Pla, t]x, 0)]. (7.62)
a

We can now derive a differential equation for P,,(¢, x) by noting that P(a, t|x, 0)
obeys the backwards FP equation in x and ¢ (see Section 7.7.1 above). Because of
this, substituting the expression for J(a, t|x, 0) in Eq. (7.62) into the backwards
FP equation shows that J(a, t|x, 0) also obeys this equation. We now write down
the backwards FP equation for J(a, t|x, 0) and integrate both sides with respect
to ¢. The result is the differential equation for P, (¢, x):

3 D(x) 9? 3

_f(x)aﬂn‘i‘T@Pm:EPin=J(a,f|X»0)- (7.63)
The boundary conditions for this equation at x = ¢ and x = a are simple. At
x = a the particle exits the interval through a at time ¢, and thus Py, (¢, a) = 1. At
x = c the particle exits the interval through c at time ¢, so it cannot exit through a
and we have P;,(t, ¢) = 0. However, we do not know the initial condition, P;,(0, x),
since this is the total probability that the process will exit through a at some time.
We will call this total probability P,(x). One might think that because we do not
know P,(x), we cannot solve the equation for P,,. It turns out that we can because
f(x) and D(x) are only functions of x. This allows us to derive a differential
equation for P,(x) from the equation for P,,.

The total probability of an exit through one end

To calculate P,(x) we put ¢t = 0 in the equation for P,,. Since Py, (x, 0) = P,(x),
we get the following differential equation for P,,
D(x) d?

d
— —P,+ ——P, = J(a,Olx, 0), 7.64
FO) =Pyt = (a, 0]x, 0) (7.64)

where we have replaced the partial derivative with respect to x with an ordi-
nary derivative, since x is now the only independent variable. We know that
J(a,0]x,0) = 0 for x # a, since the process cannot exit through a at # = 0 unless
x = a. While we do not know the value of J(a, 0|x, 0) at x = a, as we will see we
do not need it. We do need the boundary conditions for P,, which are P,(a) = 1
(the process definitely exits through a if it starts at x = a), and P,(c) = 0 (since
the process exits through c if it starts at ¢, so cannot exit through a). We can now
write the differential equation for P, as

D(x) d?

> WP,]:O for ¢ <x <a. (7.65)

d
_f(x)EPa +
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We solve this by first defining Q(x) = dP,/dx, and then using separation of
variables to obtain

F2f(u)
¢ D)

QO(x) = kexp [ du] for ¢<x <a. (7.66)
Note that since we have integrated from c to x to obtain Q(x), we have not required
any knowledge of the differential equation at x = a. We now integrate Q(x) over
X, once again starting at x = ¢, and this gives us P,(x):

P,(x)= k/v QW)dv for c<x <a. (7.67)

We see that the boundary condition P,(c) = 0 is already satisfied. The differential
equation has not provided us with the value of P, at x = a, but it has given us
P, for x arbitrarily close to a. The boundary condition for x = a is now all we
need, which is P,(a) = 1. We can satisfy this boundary condition by dividing the
expression for P,(x) above by the integral over Q(x) from c to a. So we finally
obtain

_ [ 0(w)dv
[ owydv’

P.(x) (7.68)

with  Q(v) = exp [ ' 2f(”)du] .

¢ D(u)

The probability density for the exit time

We now have the initial condition for P, and can therefore solve Eq. (7.63) for P,,,
be it analytically or numerically. From P,, we can obtain the probability density
for T,, which we denote by P}a)(t). To do this we note that the probability that
the process exits through a after time ¢, given that it does exit through a at some
time, is P,/ P,(x). The probability distribution for 7} is then 1 — P,,/ P,(x), so the
probability density for 7}, is

iPm(t, X). (7.69)

(a) _
Pr = P,(x) dt

The mean exit time through one end

We can also calculate the equation of motion for the mean exit time through a
(given that the process does exit through a). Using Eq. (7.69) the mean exit time is
given by

[ p@ -1 /Ooﬁ ,
(T,(x)) —/0 t Py (t)dt = P o tath(x,t)dt
1 o0
= Pa(X)/o P,.(x,t)dt, (7.70)

where in the last step we integrated by parts.
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To obtain the differential equation for the mean exit time we return to the
differential equation for P,, Eq. (7.63). Integrating both sides of this equation
from ¢t =0 to oo, and using Eq. (7.70), gives us the equation of motion for
(Ta(x)):

D(x) d?

7 2 PO Tal))] = —Fa(x). - (7.71)

Here we have written the derivatives as ordinary rather than partial, because we
now only have a single variable, x. Note that we have already determined P,(x),
which is given by Eq. (7.68). All we need now are the boundary conditions. We
can state these for the product P,(x)(7,(x)). Since (T,(a)) = 0, and P,(c) = 0, the
boundary conditions are

d
—f(X)d— [Pa(x)(Ta(x))] +
X

Po(c)(Tu(c)) = Pa(a){Tu(a)) = 0. (7.72)

The differential equation for (7,(x)) is not difficult to solve. One defines S(x) =
P,(x)(T,(x)), and notes that the resulting equation for § can rearranged into a
linear differential equation with driving. This can then be solved using the method
in Section 2.4.1, which we leave as an exercise.

7.8 Chemistry: reaction—diffusion equations

Imagine that we have a single particle suspended in liquid and thus undergoing
Brownian motion. We saw in Chapter 5 that this motion was well-approximated
by the Wiener process. That is, the equation of motion for the x-coordinate of the
position of the particle could be written (approximately) as

dx = ~/DdW (7.73)

for some positive constant D. The corresponding Fokker—Planck equation for x is
therefore

3 D\ 0°
EP(x, 1) = <E> @P(x, t). (7.74)
The stochastic equation is the same for the y- and z-coordinates as well. If we
denote the vector of the position of the particle in three dimensions as x = (x, y, z),
then we can write the joint probability density for the position of the parti-
cle in these three dimensions as P(x,t). The Fokker—Planck equation for P is

then
dP _(D\[o*P N 9°P N 0’P1_ (D) y2p (7.75)
ar  \2)[ax2 " ayr  az2| \2 ' '
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The sum of the three second spatial derivatives is called the Laplacian. To make
the notation more compact, one usually writes this as
CEEC R
Vi=e — 4 — 4+ —, 7.76
0x2 * 0y? + 9z> (7.76)

so that the equation becomes

-QP@Jy:<2>VﬂP@Jy (7.77)
ot 2

Now imagine that we have many particles and that the particles are very small. If
we divide the volume of liquid up into tiny cubes of size AV, then we have a large
number of particles in each cube. In this case, to good approximation, the density
of the particles in each cube is simply the value of the probability density P(x, t)
for a single particle, multiplied by the total number of particles, N. The equation
of motion for the density of particles is therefore simply the equation of motion
for the single-particle probability density P(x, ). So if we denote the density of
particles by D(x, t), the equation for D(x, 1) is

9 _(D\ .,
ED@Jy_(3>V2Xxn. (7.78)

This equation describes not only Brownian particles suspended in liquid, but also the
density of molecules of a chemical that is dissolved in a liquid (or indeed the
molecules of the liquid itself). In the context of density, Eq. (7.78) is referred
to as the diffusion equation. (This equation also models the flow of heat, and
because of this is also referred to as the heat equation.) The parameter D is called
the diffusion coefficient, and determines how fast the particles diffuse through the
liquid.

Now consider what happens when there is more than one kind of molecule
suspended in the liquid, and these molecules can react to form a third molecule.
Let’s say that A(x, ) is the density of the first kind of molecule, B(x, t) that for the
second, and they react together to form a third molecule whose density is C(x, ?).
We want to derive an equation of motion for these three densities. To do so we
assume that the rate at which a molecule of A and B will react to form a molecule
of C is proportional to the densities of both molecules. This is because, in order to
react, a molecule of A needs to come into “contact” with a molecule of B. The time
it takes a molecule of A to find one of B will be proportional to the number of B
molecules in the vicinity of A. It will also be proportional to how many A molecules
find a B molecule in a given time, and this will be proportional to the number of A
molecules in the region in question. Thus the reaction rate in a small volume AV
centered at position x will be y A(x, 1) B(x, t) for some positive constant y.
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The densities of A and B will decrease at the rate y A(X, t) B(X, t), and that of C
will increase at this rate. The differential equations for the three densities, including
diffusion, are

9 D\ _,

S AKX D = —y A DB.O + 5 ) VPAK. 1) (7.79)
9 D\ _,

B =~y A DB, 1) + (3) V2B(x, 1) (7.80)
9 D\ _,

5 1) =y AR DB, 1) + (3> V2C(x, 1). (7.81)

This is referred to as a set of reaction—diffusion equations, because they describe
both diffusion of each reagent, and reaction between the reagents.

Now consider the reaction 2A + B — C. For this reaction to occur a single
molecule of A must find a molecule of B and another molecule of A. As before the
rate at which it will find a molecule of B is proportional to the number of molecules
(and thus the density) of B. The rate at which it will find another molecule of A is
almost proportional to the number of A molecules, but this number is reduced by
one because we cannot count the molecule of A that is doing the searching. In most
chemical reactions we have a very large number of molecules of each reagent, so
we can safely ignore the fact that one molecule of A is missing from the available
set, and write the total rate of the reaction as y A? B for some constant y.

More generally, if we have a chemical reaction between reagents A and B, such
that M molecules of A and N molecules of B react to produce K molecules of C,
then we write the reaction as

MA+ NB — KC (7.82)
and the rate of this reaction is given (to good approximation) by
Rate{MA+ NB — KC] =y A" (x,t)B¥(x, 1) (7.83)

for some positive constant y. The set of reaction—diffusion equations describing
this reaction is then

A D
— = —MyAMBYN + [ =) V24 (7.84)
ot 2
dB D
= —NyAMBYN + <3> V’B (7.85)

dC D
- = KyAMBN + (5> v2C. (7.86)
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7.9 Chemistry: pattern formation in reaction—-diffusion systems

We saw in the previous section that, unlike Fokker—Planck equations, reaction—
diffusion equations are nonlinear. It turns out that these equations exhibit quite
remarkable behavior, generating complex patterns that may be stationary or mov-
ing. In this section we introduce the reader to this phenomena via a specific example
of a two-dimensional reaction—diffusion equation. We will also discuss how the
behavior can be understood in terms of the dynamics of “fronts” by following the
analysis of Hagberg and Meron [24, 25, 26].

The reaction—diffusion system we will examine has two chemicals, whose con-
centrations we will denote by A and B. Since the system has only two spatial
dimensions, we define the position vector as X = (x, y), and the Laplacian as

, 97 9?
Vi=—+ —. 7.87
0x2 * dy? (7.87)
With this definition, the reaction—diffusion system is
d 3 2
EA:A—A—B+VA, (7.88)
d 2
EB =¢(A—aB - B)+46V°B. (7.89)

Here ¢, «, B, and & are constants, with the constraints that ¢ > 0 and § > 0. Note
that & sets the ratio between the diffusion rates for A and B, and ¢ sets the ratio of
the time-scales for A and B (that is, it scales the relationship between the rates at
which A and B change with time).

The first thing to note about these equations (and reaction—diffusion equations
in general), is that if A and B are homogeneous (that is, do not change with x or
y), then the diffusion terms V2A and VB are zero. It is useful to examine what
stable steady-state solutions there are for A and B in this case. The steady-states
are given by setting the time derivatives to zero, and are therefore determined by
the equations

A—A*—B=0, (7.90)
A—aB—p=0. (7.91)

Writing B as a function of A in both equations gives
B=A- A’ (7.92)

p=A7F (7.93)
(07

The solution(s) to these equations are given by the point(s) at which the cubic curve
f(A) = A3 — A intersects with the straight line g(A) = (A — B)/a. The case we
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Homogeneous Steady-States

t"o"
I o
-1.5 - -0.5 0 0.5 1 1.5

A
Figure 7.2. The circles mark the two stable homogeneous solutions for the

reaction—diffusion system given by Eqgs. (7.88) and (7.89), withe = 1 and 8 = 0.

will consider here is when the parameters « and S are such that these two curves
intersect three times, as in Figure 7.2. In this case it turns out that only the two
solutions on the outer branches of the cubic are stable. We therefore have two
stable solutions that we will label (A, B;) and (A_, B_). In the following we
will restrict ourselves to the case in which 8 = 0. In this case the two solutions are
symmetric, so that (A_, B_) = —(A4, By).

We consider now a region in which there is a transition from one stable solution
to the other. In two dimensions this a boundary between two regions (or domains)
of the two stable homogeneous solutions. Such a boundary is called a domain wall
or a front. For the equivalent one-dimensional system, Hagberg and Meron were
able to derive approximate solutions for a domain walls, and to show that these
fronts can only move at specific speeds. As we shall see later, this proves very
useful in understanding the evolution of fronts in two dimensions. To derive the
approximate solutions that describe fronts in one dimension, we first transform
to a frame moving at speed v, so that our new x-coordinate is x" = x — vt. The
reaction—diffusion equations become

%=A—A3—B+82—A+v%=0 (7.94)
T 9x"2 ax’ ’

9B :8(A—aB)+8azB +va—B =0. (7.95)
ot ax’2 ax’

We set the time-derivative to zero, because we assume that the whole front is
moving at speed v. This means that the solution will be stationary in the moving
frame, and our goal is to determine what values v can take.

To obtain approximate solutions to these equations, for a front at x’ = 0, we now
divide space into three regions: far to the left, where the solution is (A, By), far
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to the right where it is (A_, B_), and the transition region around x" = 0. We also
make the approximation that u = ¢/§ < 1. We skip the details of this procedure,
which are given in [25, 26]. When 8 = 0 it turns out that the front solutions only
exist when the velocity satisfies the equation

3v
vV = )
q*/2v? + 8e8q?

(7.96)

where we have defined g> = « + 1/2. For all values of the parameters this equation
has the solution v = 0, meaning that the front is stationary. Thus in one dimen-
sion two domains of different solutions can coexist separated by an unchanging
domain wall (front). In two dimensions, if the solution does not change in the
y-direction, then the equations reduce to the one-dimensional case. This means
that, in two dimensions, two different domains can coexist in the steady-state if
they are separated by a stationary domain wall that is a straight line. When

9

s> Scri =35 .
" 8qbe

(7.97)

the stationary solution is the only front solution. However, when § < §., there are
also the two solutions

V9 — 8edq®
+T—
V2q?

In this case fronts can move in either direction. In fact, when the two moving

vV =

(7.98)

solutions are available (§ < d.;), the stationary solution becomes unstable. Thus
stationary fronts can only be expected to persist for § > 8.

We consider now a front in two dimensions. We know that if the front is a straight
line it will be stationary, and we now ask, what happens to its velocity when it is
curved slightly? To do this analysis, we assume that the front is a section of a circle
with a large radius. (Specifically, we make the radius of curvature much larger
than /8/¢, which is the length scale upon which B changes across the front.) We
choose the center of the circle to be at the origin of the coordinates, and assume
that the front is moving in the x-direction, and that its curvature is not changing
with time. As before we work in a coordinate system (x’, y’) moving with the front
so that the front is stationary in these coordinates, x" = x — vt, and the center of
the circle defining the front remains at (x’, y") = (0, 0). We focus now on the line
y' =0 (0 = 0), which is the x-axis. On this line the front is perpendicular to the
x-axis, and thus to the direction of motion. The equations of motion for the front
on the line y’ = 0 are given by Egs. (7.94) and (7.95).

We now change to radial coordinates, (r, ), with x’ = r cos6 and y’ = r sin6.
The location of the front is now specified by r = ry, where ry is the radius of
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Front

Figure 7.3. Cartesian and radial coordinates for a circular front. The cartesian
coordinates of a point P on the front are (x’, y’), and the radial coordinates are r
and 6. The front is defined by r = ry.

curvature of the front (the radius of the circle). The front and the two coordinate
systems are shown in Figure 7.3. Note that the reagent concentrations A and B do
not change with 6, because they change across the front but not along the front.
This means that the derivatives of A and B with respect to 6 are zero. Transforming
Eqgs. (7.94) and (7.95) to radial coordinates, the equations of motion along the line
y" = 0, and in the region of the front (r = ry) become

5 9%A 9A
A-—A —B+—+W+K)— =0, (7.99)
or? or
9’B 9B
e(A—aB)+8 — + (v+8k)— =0, (7.100)
or? or

where k = 1/r is referred to as the curvature of the front. We now multiply the
second equation by (v + k)/(v 4 8k ), and the equations of motion become

3 32A dA
A—A"—B+—+@w+r)— =0, (7.101)

or? or

B < 9’B dB
8A—aB)+6—+W+k)— =0, (7.102)

ar? or

where
P AL R Ch Ol (7.103)
(v 4+ 6k) (v + k)

Equations (7.101) and (7.102) are exactly the same as those describing a one-
dimensional front, Eqgs. (7.94) and (7.95), except that the velocity, v, has been
replaced by v + k, and the parameters § and & have been replaced by & and §.
The velocity of the curved front is therefore given by making these replacements
in Eq. (7.96). Doing this gives the following implicit equation for the velocity in
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terms of the curvature:

V4K = S+ o) . (7.104)

qz\/Z(v + k) [1 + (ji‘fsq:)z]

What we really want to know is whether the velocity increases as the curvature
increases, or whether it decreases. If it increases then a slight bulge in an otherwise
straight front will move faster than the rest of the front, making the bulge bigger.
This would mean that a straight front is unstable to perturbations of the front that
are transverse to it; such perturbations will increase over time, and lead to the
front becoming increasingly curvy. To determine if this is the case, we make «
sufficiently small that we can expand the implicit expression for the velocity in a
power series in «. If we denote the velocity of a curved front with curvature « as
v(k), and the velocity of a straight front as vy, then the power series expansion we
want is

v(k) = vo + C1Kk + ok (7.105)

Itis quite straightforward to calculate this expansion when § < . and thus vy > 0.
One finds in this case that c; is positive — and thus the front is unstable to transverse
perturbations — when 8 > 3/(v/8g¢?).

It is a little more tricky to calculate the possible values that ¢ can take when we
have a stationary front (§ > §.;). We first note that v = —« is always a solution to
Eq. (7.104). In this case ¢; = —1, and the front is stable. But further investigation
reveals that this is not the only solution. To see this we first note that since vy = 0,
v = ¢k to first order in k. Substituting this expression for v in Eq. (7.104), and
simplifying it, we obtain

Qo+ 1 (c1 + 1 [(c1 4 8)*k* 4 268] = 18(c; + 8)*. (7.106)
Since we only want the result to first order in «, we can drop the term proportional
to k2, and the result is a quadratic equation for c;. The solutions are
(1 -GH* VA = G8? + (1 — GG —1)
B 1-G ’

¢ (7.107)

with
9
G=—.
8q0ed
Because we have a stationary front, § > 8. and so (1 — G) is positive. This means
that there will be a positive solution for ¢; so long as (G§* — 1) > 0, or rather

5> <§) q°e. (7.109)

(7.108)

9
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1 2

% 3

4 5 % |
! ol [ ot b N |

Figure 7.4. The evolution of a reaction—diffusion system that has two homo-
geneous stationary steady-states. Black denotes one homogeneous steady-state,
and white denotes the other. The “labyrinthine” pattern is generated because the

domain wall between the two steady-states is unstable to transverse perturbations.
This figure is courtesy of Aric Hagberg.

There is therefore a parameter regime in which stationary fronts are unstable to
transverse perturbations.

The front instability we have revealed leads to the formation of complex maze-
like patterns. Figure 7.4 displays the results of a simulation of this process per-
formed by Hagberg [24, 26]. In frame 1 we start with a front that has some slight
wiggles (transverse perturbations). These wiggles extend in frame two, and when
the curvature becomes sharp enough, new front lines break off from them (frame 3).
These keep extending, forming a maze-like (or “labyrinthine”) pattern. This pattern
is stable in the steady-state (final frame).

Further reading

Our treatment of Fokker—Planck equations has been mainly limited to one-
dimensional problems. A wealth of further information regarding solving Fokker—
Planck equations in multiple dimensions, including the method used to obtain the
stationary solution to Eq. (7.33), as well as perturbative methods for situations with
low noise, are given in the comprehensive text Handbook of Stochastic Methods by
Crispin Gardiner [23]. We note that the calculation of exit times has applications
to transport and binding of chemicals in cells [19]. Further information regarding
the behavior of reaction—diffusion systems, and the creation of labyrinthine pat-
terns, can be found in the papers by Hagberg and Meron [24, 25], and Goldstein
et al. [27].
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Exercises

. Show that the Fokker—Planck equation

P 0P D 2P (7.110)
—_— a— _—— .
ot dx 2 dx?
has the solution
1 >
P(x,t) = e~ (/@b (7.111)
\2m Dt
. Consider a Fokker—Planck equation that only has diffusion,
or_1¥ [D(x)P] (7.112)
—_— O —— X B .
ar 2 0x?

and where x is confined to the region [—1, 1] with reflecting boundaries.

(a) Show that the steady-state probability density is inversely proportional to the
diffusion D(x). This means that the particle is, on average, pushed away from
areas with high diffusion, and confined to areas with low diffusion.

(b) What is the steady-state probability density when D(x) = 1/In(x), where k is a
positive constant?

(c) Whatis the steady-state probability density when D(x) = k(a + |x|), where k and
a are two positive constants?

(d) Whatis P(x) in question (c) when a — 00?

. Calculate the expression for the probability current in terms of the probability density
for each of the two processes

dx = adt, (7.113)

dy = /2a(1 — y)dW. (7.114)

What does this tell you about the effect of a gradient in the diffusion rate?
. Calculate the Fokker—Planck equation for the stochastic equation

dx = adt 4 bxdW, (7.115)

where a and b are positive, and x is confined to the interval [0, 1] by reflecting
boundaries.

(a) Use the Fokker—Planck equation to determine the steady-state probability density
for x. You do not need to determine the normalization constant \V.

(b) Calculate the steady-state probability density for y = 1/x. This time you need to
calculate the normalization constant.

(c) Calculate (1/x) as a function of a and b.

. Consider a particle whose position, x(#), undergoes the diffusion and damping process

dx = —yxdt + (1 — x*)dW, (7.116)



126

10.

11.
12.
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where x is confined to the interval [—1, 1], and has reflecting boundary conditions at
both boundaries.

(a) By inspecting the form of the drift and diffusion functions for x, it is clear that the
steady-state probability density will be a symmetric function of x. Explain why.

(b) What is the stationary (steady-state) probability density for x? You do not need
to determine the normalization constant .

(c) Use a computer to plot the steady-state probability density for different values of
y.

(d) Use your plots to guess the form of the steady-state probability density when
y — 0.

(e) Inview of the answer to (d), what happens to the particle if it is initially placed at
x = 0 and there is no damping?

Show that the probability density given by Eq. (7.34) is a solution to Eq. (7.33).
In Section 7.7.2 we derived the differential equation for the total probability that a
process exits out of the upper end of an interval [c, a].

(a) Derive the corresponding expression for the total probability, P.(x), that a process
exits out of the lower end, x = ¢, when it starts at a value x in the interval.
(b) Solve the equation for P.(x).

Derive the general solution to Eq. (7.71).
Determine the reaction—diffusion equation for the set of simultaneous reactions

2A+ B — C, (7.117)
A+ C — 2B. (7.118)
Determine the reaction—diffusion equation for the set of simultaneous reactions
3A+B - 2B +C, (7.119)
A+4+C — D. (7.120)

Derive Egs. (7.94) and (7.95) from Egs. (7.88) and (7.89).
Derive Egs. (7.99) and (7.100) from Eqgs. (7.94) and (7.95).
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Jump processes

8.1 The Poisson process

Until now, all our stochastic equations have been driven by the Wiener process,
whose infinitesimal increment is denoted by d W. In this chapter we look at stochas-
tic equations driven by a completely different random increment. Recall that the
random Wiener increment d W has a Gaussian probability density with mean zero
and variance equal to dz. Thus d W can take any real value, although it usually takes
values between iZJE . This time our random increment, which we will denote
by dN, has only two values: it can be 0 or 1. The probability that d N takes the
value 1 in the time interval d¢ is Adt, and the probability that it takes the value 0O is
1 — Adt. The probability that d N is 1 in any infinitesimal time interval is therefore
vanishingly small, so most of the time dN is zero. However, every now and then
dN is 1, and thus the value of N(¢) = fot dN “jumps” by 1. Figure 8.1 shows a
sample path of the process N(¢), which is called the Poisson process.

Let us now work out the probability density for N(¢). Note that N(r) is equal
to the number of times that d N = 1 in the interval [0, ¢]. This is also known
as the “number of jumps” in the interval [0, ¢]. Because of this N(¢) only takes
integer values, and the probability “density” for N(¢) is actually a discrete set of
probabilities, one for each non-negative integer. We will denote the probability that
N(t) = n by P(n, t). We need to work out the value of P(n, t) for each value of n.
As usual we discretize the problem, dividing the time interval [0, #] into M equal
intervals, each of which has duration Ar = ¢/M. This time we will label the M
time intervals with the subscript m, where m = 1,2, ..., M.

To start with, the probability that there are no jumps, P(0, ¢), is the product of
the probabilities that there is no jump in each interval Az,,. This is

M M
t
P(0, z):lv}iinm]_[a—xAz,,l):Mngo (1—AM> =e M. (8.1)
m=1

127



128 Jump processes

A Sample Path of the Poisson Process

10+

N(t)

Figure 8.1. A sample path of the Poisson process with jump rate A = 1.

The probability that there is exactly one jump in the interval [0, ] is the probability
that there is a jump in one of the intervals At,,, and no jumps in any of the other
intervals. The probability that there is a jump in one specific interval, At;, and none
in any other interval is the product

AL [T = 2A) = AAL1 = 2AD)M (8.2)
mtj

The probability that there is a single jump in the interval [0, ¢] is the probability
that there is a jump in one specific interval, At;, summed over all the M intervals
in which this jump can occur. It is therefore the above expression multiplied by M.
This gives

M
t
P(1,t)= lim M [AAt(1—2ADY ] = lim Ar (1 —A—)
M— o0 M—o00 M
= Ate M. (8.3)

To calculate the probability that m jumps occur, we similarly calculate the probabil-
ity that we have m jumps in m specific intervals, and sum this over all the possible
distinct sets of m intervals. The probability that there are jumps in a specific set
of m intervals is (AA#)"(1 — At) =" The number of different sets of m intervals
in a total of M intervals is an elementary result in combinatorics, and is given by
M!/(m!'(M — m)!) [28]. So we have

!

li M! A" M—m

. [ M! }(u)m(l — At/ MM
= lim .

(8.4)
(M —m)!M™ m!(l — AtM)"

M— o0
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We now calculate separately the limits of three parts of this expression:

lim (1 — it/ MM = e, (8.5)
M— o0
lim (1 — At/ M)" =1, (8.6)
M— o0
. M! . MM—-1)---(M—n+1)
Iim — = lim
M— 00 (M—m)'Mm M—o0 Mm
O MM—-1) M-—n+1)
= llm e
M—soo M M M
m
= lim — = 1. (8.7)
M%oo Mm

With these limits the final result is
()\I)me—)\t

P(m,t) = o

(8.8)

This discrete set of probabilities for the number of jumps, N (#), is called the Poisson
distribution.
By using the fact that

Z (Z)'m — oM, (8.9)
m=0 '

we see that P(m, t) is correctly normalized:

ZP(m £ = Z (’U)m i MM = 1. (8.10)

We can also use Eq. (8.9) to calculate the mean and variance of N(z). Setting
i = At, the mean of N(7) is

(N(t)) = ZmP(m 1) = oy
“m!
m=0 m=1
o Mm o ,um—l
—e M = e " Z
— (m — 1)! — (m —1)!
00 W
= e " Z = e te' =y = At. (8.11)
m=0

We can therefore write the Poisson distribution as

m,—pu
P(m):'ume' , (8.12)

where  is the mean.
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The second moment of the Poisson distribution is

(N20) = Y m2Pom, 1y = 0 3 I DT g i

m=0 m=0 m‘ m=0 m‘
5 00 Mm72 0 m
= —H —— + (N(2)) —
e ,Z;m—z). (N(@1)) = ; ,
= et + =l + . (8.13)

Thus the variance of N(7) is
VIN@®] = (N2 (1)) — (N(1))> = > + o — pu* = p. (8.14)

So the variance of N(¢) is equal to the mean.

8.2 Stochastic equations for jump processes

Consider the linear equation
dx = axdt + BxdN. (8.15)
Since d N takes only the values 0 and 1, it is true that
(dN)* = dN. (8.16)

This is the jump process equivalent of Ito’s rule, and much simpler to derive!
Further analysis shows that, just like the Wiener process, dtd N = 0. We won’t
derive this result here, but we note that it is to be expected, since

(dtdN) = dt{dN) = r(dt)* = 0. (8.17)

To solve Eq. (8.15) we proceed in the same way as for the linear Ito stochastic
equation: we write the evolution as an exponential. To do this we need to know the
expansion for ¥V Using (d N)> = dN we have

g = 3 KNy _1+dNZ—
' .

=0 n:
oo kn
— — k
=1+dN L{O:E—l} =1+4+dN [ —1], (8.18)

or, alternatively,

1 4+ BdN = MIFAIN, (8.19)
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Thus
x(t+dt)y=x4+dx = (1 +adt + BdN)x

=14+ adt)(1 + BdN)x
eadteln[1+}3]de

_ eadt+ln[1+ﬂ]de. (8.20)

The solution for x(¢) is therefore

x(t) = x(0)exp |:oz /t ds +1In[8 + 1] /l dN(s)i|
= x(0) eat+ln[1+ﬁ0]N(t) ’
= x(0)e' (1 4+ pN®. (8.21)
Now consider the noise term in Eq. (8.15) in a little more detail. If we have
dx = BdN (8.22)

then the effect of § is merely to change the size of the jumps: if dN =1 then
dx = B. Thus in the linear equation above, it is only the size of the jumps that is
proportional to x, not the rate of jumps.

If we want to change the rate of the jumps, then we must change . Since we
cannot directly access the rate of jumps via the stochastic equation, and because
in many important problems this rate is a function of time, or even of x, stochastic
equations involving d N are of limited use for the purpose of obtaining analytic
solutions. To include the rate of jumps explicitly, we need to write an equation of
motion for the probability density for the jumping variable. This is the subject of
the next section.

8.3 The master equation

Just as we could write a differential equation for the probability density of a
stochastic process driven by Wiener noise, we can also write one for a stochastic
process driven by the Poisson process. In the case of Wiener noise the equation was
called a Fokker—Planck equation, and in this case it is called a master equation.
We now derive the master equation for the Poisson process, N(¢). Recall that
N(t) can take any integer value greater than or equal to zero. As above we will
denote the probability that N(¢) = n as P(n, t). In each time interval dz, there is
a probability Adt¢ that N(¢) will jump by 1. Thus, in each time interval dt, the
probability that N(¢) = 1 increases by the probability that N(z) = 0, multiplied
by Adt, being the probability that there is a jump. Similarly, the probability that
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N(t) = 1 decreases by the probability that N(#) = 1, multiplied by the probability
that there is a jump. The equation of motion for each P(n, t) is thus

dP(0,1) = —AP(0, n)dt, (8.23)
dP(n,t) =AP(n —1,t)dt — AP(n,t)dt, n >0, (8.24)
or
d
EP(O’ 1) = —AP(0,n), (8.25)
d
EP(n,t) =APmn—1,t)—AP(n,t), n>0. (8.26)

This is the master equation describing the Poisson process.

To solve the master equation we use something called the generating function.
The generating function is a transform of P(n, ), similar to the characteristic
function. It is defined as

G(s,t) = Zs"P(n, 1). (8.27)
n=0
‘We now note that
o0 o0
Zs"P(n —m,t)=s" Zs”_mP(n —m,t)
—_— ZskP(k, 1) = s"G(s, 1), (8.28)
k=0
and
aG( t) 8%”})( ) i dP( ) (8.29)
—G(s, 1) = — ) n,t)= s | —P(n, . .
ot ot e = dt

Using these relations, and summing both sides of the master equation for P(n, )
over n, we obtain the equation of motion for G(s, #):

%G(s, 1) =AsG(s, 1) — G(s, )] = A(s — 1)G(s, 1). (8.30)

This transforms the master equation for P(n, t) into a partial differential equation
(PDE) for G(s, 1).

This PDE is not difficult to solve. In fact, since in this case there is no derivative
with respect to s, it is actually an ordinary differential equation for G as a function
of t. Noting that s is merely a constant as far as ¢ is concerned, we can use separation
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of variables (see Section 2.4) to obtain the solution, which is
G(s, 1) = VG, 0). (8.31)

Now, G(s, 0) is the initial value of G. This depends on the initial value we choose
for P(n, t). If we set the initial value of N to be zero, then P(n, 0) = 8,9, where
the symbol §;; is the very useful Kronecker delta, defined by

(Sij :0, for i 75 j,

51",' = 1, for i = ] (832)
With this choice for P(n, 0), the initial condition for G (s, t) is
X o
G(s,00=) s"P(n,0) =) 5"8,0= L. (8.33)
n=0 n=0
With this initial condition, the solution is
G(s, t) = ™10, (8.34)

Now we need to calculate P(n, t) from G(s, t). We can do this by expanding G as
a Taylor series in s. This gives

< g S e*)»t)\‘n
G(s, 1) =V = e MM = ¢ Z — = Zs” ( ' > . (8.35)
n=0 n: n=0 n:
Since G(s, 1) = ) oo, s" P(n, 1), we have
7)»[)\‘}1
P(n,t) = ’ (8.36)
n!

This is indeed the Poisson distribution that we derived in Section 8.1 using a
different method.

8.4 Moments and the generating function

Once one has solved the PDE for the generating function, it is not always possible
to obtain a closed-form expression for the set of probabilities P(n, t). Fortunately,
we do not need P(n,t) to calculate the mean, variance, and higher moments of
N(t); these can be obtained directly from the generating function. To see how this
works, consider the derivative of G with respect to s. This is

e¢]

9 ds" =
aG(s, 1) = 2_; . P(n,t) = ;ns P(n,1). (8.37)
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Now, if we put s = 1, then we have

]

= ZnP(n, 1) = (N(1)). (8.38)

s=1 n=0

i G(s, 1)
J— S,
as

So dG/ds evaluated at s = 1 gives the mean of N at time 7. The second derivative
is

32 o d2sn o s
550060 = 2:; yRRAGDES gn(n — Ds" 2P, 1), (8.39)
and so
92 >
553G, = ;n(n — DPn,t) = (N?) — (N@®)). (8.40)

The variance of N(¢) is therefore

2

0°G
VIN®)] = 952

n oG
ds

3G 2
- — , (8.41)
s=1 s s=1

and higher moments of N(#) can be obtained from higher derivatives of G.

s=1

8.5 Another simple jump process: ‘“telegraph noise”

We now consider another simple jump process. In this process our variable N (¢) has
just two values, N = 0 and N = 1, and is subject to two random jump processes.
The first kind of jump flips the state from N =0 to N = 1, and we will call the
jump rate for these jumps ;. The second kind of jump flips the state back from
N =1 to N =0, this time with the jump rate . This whole process is called
“random telegraph noise”, a name that comes from the original telegraph that used
Morse code for communication. Morse code consists of a series of long and short
beeps. Because of this the telegraph line only has two states: when the voltage
on the line is low there is no sound at the receiving end, and while the voltage is
high the receiving speaker makes a continuous sound. The sender switches between
these two states to generate the beeps of Morse code. Noise in the telegraph signal
corresponds to random switching between the states due to some disturbance on
the line. Hence the name random telegraph noise.
The master equation for random telegraph noise is

P(0,1) = —u1 PO, 1) + o P(1, 1), (8.42)
P(1,1) = —poP(1, 1) + 1 PO, 1). (8.43)
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Since we know that P(0, ) + P(1,t) = 1, we can rewrite these equations as sep-
arate equations for P(0, ¢r) and P(1, t). This gives

P(n, 1) = —(u1 + o) P(n, 1) + u,, for n=0,]1. (8.44)

Each of these equations is a linear differential equation with driving, the solution
to which is (see Section 2.4.1)

t
P(n,t)=e "' P(n,0)+ w, / e’ =Dy’ (8.45)
0
— vt Hn —yt
=eV"Pn,0)+ —{1 —e "), (8.46)
14

where we have defined y = | + po. This is the complete solution for telegraph
noise. While this process does not seem very interesting in its own right, with a
small modification it will be useful when we look at an application to signals in
neurons later in this chapter.

Let us now calculate the auto-correlation function, (N ()N (¢t + 1)) for the tele-
graph process. For this we need the joint probability density that N = n at time ¢,
and that N = n’ at time 7 + 7. To get this, we first note that the joint probability
density is given by

P, t+t;n,t)=P@n',t +t|n, t)P(n, 1), (8.47)

where P(n',t + t|n, t) is the conditional probability that N = n’ at time ¢ + t,
given that N = n at time ¢.

We now note that if we solve the master equation and choose N = ny as our
initial condition, then the solution is the probability that N = n at time ¢, given
that N = ng at time ¢ = 0. That is, the solution is the conditional probability
density P(n, t|ng, 0). Putting the relevant initial condition into the general solution,
Eq. (8.46), gives

P, t1n0,0) = e 80y + (1 — 77", (8.48)
Y

where §, ,, is the Kronecker delta. We actually want the conditional probability
that N = n’ at time ¢ + 7, given that N = n at time 7. We can get this just as easily
by solving the master equation, but setting the initial time equal to ¢, and evolving
for a time 7, so as to get the solution at time ¢ 4+ t. Using the initial condition
N = n at time ¢, the solution at time ¢ + t is thus

Bl (1 — e, (8.49)
y

Pt +tin,t) =e V"8, +

To obtain P(n’,t + t;n,t) all we need now is the probability density for N at
time ¢, so that we can use Eq. (8.47). To get P(n, t), we simply solve the telegraph
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process with the initial condition N = ng at time ¢t = 0. The probability that N = n
at time 7 is then given by Eq. (8.48). So we have finally

B - e_’”):| [e—yfan,no + B e_’”):| .
y y

(8.50)

P, t+t;n,t)= [6_1”8,1/,,, +

Now we can easily calculate the auto-correlation function. This is

(NONGE+1) =YY n'nP@' t+w:n6) = Pt +1:1,0)

= [e-w +Ea- e‘ﬂ)] [e—wsl,no + B - e‘M} .
Y 14

(8.51)

Now see what happens as t — oo. The initial condition, N = n( becomes irrel-
evant, and the time ¢ drops out completely. The auto-correlation function is then
only a function of the time difference 7, and is

g(r) =(N@N( + 1)) = % [e_” + %(1 — e‘”)} . (8.52)

This is the auto-correlation function in the steady-state, when all initial transients
have died away. Now let’s check that this is what we expect. When 7 = 0, then
N(t) and N(t + 1) are the same, and g(0) is just the expectation value of N in the
steady-state. If the jump rates o and ©; are equal, then we would expect there to
be a 1/2 probability of the system being in either state. Thus g(0) = (N?) should be
1/2 when wy = w1, and from Eq. (8.52) we see that this is true. When t — oo, we
would expect N(¢) and N(¢ + 1) to be completely independent. Hence we would
expect g(00) to be equal to the steady-state value of (N)2. Putting o = i1, one
has (N) = 1/2, and indeed g(oco0) = 1/4.

8.6 Solving the master equation: a more complex example

Sometimes we might have a process where the rate of jumps depends upon the
value of the jumping variable at the current time. Consider a variable N that is
subject to a single jump process in which its value increases by 1, as in the Poisson
process, but this time the rate of jumps is proportional to the value of N. The master
equation for this process is

aPO.D _ (8.5
dt
dP(n, t) _ )\,(l/l _ 1)P(7’l _ 1’ [) _ )\’nP(n’ [), n > 0. (854)

dt
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We can work out the equation of motion for the generating function by noting that

9 = d n C n—1
-GG, = Z_g (55 > P(n,t) = ;ns P(n, 1)
1 o0
= - Zns”P(n, 1). (8.55)
s
n=0

The differential equation for G (s, t) is then
0 d
—G(s,1) = Ms* —5)—G(s, 1). (8.56)
ot as

We can solve this equation using a “separation of variables” technique for partial
differential equations. We first write G as the product of a function of s and a
function of ¢, so that

G(s,t) = H(s)L(2). (8.57)

Substituting this into the differential equation for G, we can rearrange the equation
so that L only appears on the left-hand side, and H only appears on the right-hand
side:

1 dL(t) (s*—s)dH(s)

AL(t) dt  H(s) ds

The left-hand side depends only on ¢, and the right-hand side depends only on s,

and these two variables are independent. Thus the only way the above equation

can be true is if both sides are equal to a constant that is independent of s and z.
Denoting this constant by c, the result is two separate differential equations:

(8.58)

dL oL

ar

dH H(s)

— =c—=. 8.59
ds Cs2 —s ( )

Both these equations are readily solved using separation of variables, discussed in
Section 2.4. The solution to the firstis L = Ae* for some constant A. The solution
to the second is

H(t) =B (S ) =B(1-s7) (8.60)

N

for some constant B. A solution for G(s, t) is therefore
Gs,)=HESLO) =D (1 —s ) e =D[(1-s"e"]", (8.61)

where D and ¢ are arbitrary constants. This is not the most general solution for
G(s, 1), however. Since the equation for G(s, t) is linear, any linear combination
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of different solutions of this equation is also a solution. Thus the general solution
for G is a sum of as many solutions of the above form as we want, with a different
value of D and c for each term in the sum. However, this sum is not the best way to
write the general solution. By substituting into the differential equation for G(s, t),
it is simple to verify that

G(s,t)= F[H(s)L()] = F [(1 —s7") "] (8.62)

is a solution for any function F. (This is equivalent to the solution written in terms
of the sum described above, a fact which can be seen by using a power series
representation for F'.)

Now that we have the general solution for the generating function, we can find
the specific solution for a given initial condition. Let us choose the simple initial
condition N = m attime t = 0. This means that P(m, 0) = 1, sothat G(s, 0) = s™.
To satisfy this initial condition we must choose F' so that

s—1
F( ; ) = G(s,0) = s". (8.63)

The process of determining the function £ from this equation will probably seem
a bit confusing at first. To find F we first note that the functions that map s™ to s,
and then s to (s — 1)/s are easy to find. The first is the function f(x) = x!'/™, and
the second is the function g(x) = (x — 1)/x. Thus the inverse of F is easy to find,
as it is just the concatenation of g and f. Defining x = (s — 1)/s and y = s™ we
have

—1
= = F (™) = flg™] = flgO)]. (8.64)
Thus
yl/m -1
x = flge(y)] = T (8.65)
Yy

and all we have to do is solve this for y. This gives

y=( ! ) , (8.66)
1—x

F(x)z( ! ) . (8.67)

1 —x

and hence

Now we have the solution for the generating function satisfying the initial condition
N(0) = m. This is

—At m
Gis,)=F[(1-s")e"]= (ﬁ) . (8.68)
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This time it is not so easy to obtain an explicit expression for the probabilities
for N as a function of time, P(n, t). We therefore use the method of Section 8.4
above to calculate the mean directly from the generating function. We have

G seM =l e M se Me ™ — 1)
— =m|— — .
ds s(e= — 1)+ 1 s(e= — 1)+ 1 [s(e*“ D+ 1]2

(8.69)

Putting s = 1 in this expression gives
(N(1)) = me™ (8.70)

The calculation of the variance, while similar, is rather tedious, and so we wont
bother to derive it here.

8.7 The general form of the master equation

In general one may wish to consider a number of discrete variables M; that are
subject to jump processes, and the rates of these jumps may in general be any
function of the values of all of these variables. To start simply, let us say that we
have a single discrete variable M, and that it is subject to a jump process in which
the value of M jumps by n. In general the rate, R, of this jump process can be any
function of time ¢ and of the value of M. So we will write the rate as R(M, t).

The master equation for P(m, t), being the probability that M = m at time ¢, is
then

P(m, t)=R(m —n,t)P(m —n,t) — R(m, t)P(m, t). (8.71)

That is, each jump process with jump size n contributes two terms to the right-hand
side of the master equation, one corresponding to jumps that take M fo the value
m (from M = m — n), and one that takes M from the value m. If M can only take
non-negative values, then there will also be special cases for P(m) when m < n.

If we have a single variable, M, that is subject to J different jump processes,
each with a jump size of n, then the master equation is simply the sum of all the
terms from each jump process. Thus the general form of the master equation for a
single variable M is

J
P(m, 1) = Z[Rj(m —nj,t)P(m —nj,t) — Rj(m,t)P(m, )], (8.72)
j=1
where R; is naturally the rate of jump process j. In general there will also, of
course, be a set of special cases for eachm < n;.
When we have more than one variable, then the master equation describes the
dynamics of a set of joint probabilities for the values of the variables. Considering
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just two variables, M| and M>, is enough to see the general form. We write the joint
probability that M| = m and M, = m,, attime ¢, as P(m, m,, t). If My undergoes
a jump process that adds n at each jump, then in general this can depend upon the
values of both M| and M,. Further, a single jump process can simultaneously change
the values of both variables. If we have one jump process with rate R(M;, M», t),
and this adds n to M, and n, to M>, then the master equation is

P(my,ma, t) = R(my — ny, my — ny, t)P(my — ny, my — na, t)
— R(my,ma, t)P(my, my, t). (8.73)

Once again a single jump process contributes only two terms to the master
equation. In the general case, in which we have J jump processes, then once again
the master equation is given by summing the terms from all the jump processes. Let
us denote the rate of the jth jump process as R (M, M>), and the change it induces
in the value of M; by n; ;. In writing the master equation it is also convenient to use
a more compact notation by defining the vectors M = (M, M), m = (m, my),
and n; = (ny ;, ny ;). With this vector notation the master equation is

J

P(m, 1) = [Rj(m—n;, )P(m—n;, 1) — R;(m,)P(m,1)]. (8.74)
j=1

The stochastic equations corresponding to the above master equation are as

follows. For each kind of jump event we need to include one Poisson process. If

we denote the Poisson process for the jth jump process as d N, then the probability

that dN; =1 in a given time-step dt is R;j(M)dt. The stochastic differential

equations for M| and M, are then

J

dMy = ny;dN;, (8.75)
j=1
J

dMy = "ny; dN;. (8.76)
j=1

8.8 Biology: predator—prey systems

A natural application of jump processes is to populations of organisms, such as
people, animals, or bacteria. This is because the size of a population is an integer,
and the occurrence of a birth or death is a jump of 41. Further, because there are
many individuals in a population, all making different decisions about when to
have children, it seems reasonable to model the occurrence of births and deaths as
random events.
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A specific example of population dynamics involves two populations, one of
which, the predator, eats the other, being the prey. If we denote the population of
the prey by M (mice), and the population of the predator by J (jaguars), then we
might model the system with three jump processes.

(1) M — M + 1, at the rate LM, for some constant A.
2) J—>J+1land M — M — 1, at the rate uJ M for some constant .
(3) J — J — 1, at the rate vJ for some constant v.

Jump process (1) corresponds to the birth of one member of the prey. If we assume
that each member of the prey has a child at some average rate, A, the rate of these
jump events should be AM. In choosing A to be a constant, we are assuming
that the population of the prey is not limited by resources; their food supply is
inexhaustible. Jump event (2) corresponds to a member of the predators eating one
of the prey, and immediately reproducing. This is somewhat simplistic, but it does
capture the effect that the amount that the predators have to eat affects how fast their
population increases. We choose the rate at which a predator eats one of the prey
as being proportional to both the number of predators and the number of prey. This
means that the predators find it easier to find and catch the prey if they are more
plentiful. Jump event (3) corresponds to one of the predators dying, and the rate at
which this happens is naturally proportional to the number of predators. We could,
of course, include a fourth jump event, being the death of one of the prey. However,
the “classic” predator—prey model does not do this, instead allowing the predators
to be the only check on the population of the prey. This is not unreasonable, given
that populations of animals invariably increase without bound given a plentiful
food supply and an absence of predators.

Given the three jump events, we can now write a master equation for the pop-
ulations M and J. If we denote the joint probability that M = m and J = j as
P(j, m), then the master equation is

P(j.m) = i[(m — DP(j,m —1) = mP(j, m)]
+ul(j =D+ DP(G =1, j+1) = jmP(j,m)]
+vI[(+DP(+1,m)— jP(j,m)], (8.77)
with, as usual, special cases for m = 0 and n = O:
P(j.0) = u(j = DP( = 1. 1)
+v[(j+DPG+1,00—jP(,0)], (8.78)
P(0,m)=A[(m — )P0, m — 1) —mP(O, m)] +vP(,m), (8.79)
P(0,0) =vP(1,0). (8.80)
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Unfortunately there is no known analytic solution to this master equation. We
must therefore solve it numerically (that is, by simulating the evolution of the two
populations on a computer).

Rather than solving the master equation to obtain the joint probability density
P(j, m, 1), it is more interesting to solve for a particular realization of the jump
process. That is, to choose the random times at which each of the jump events occur
by picking random numbers from the correct probability densities. This means that
we directly simulate the stochastic equations corresponding to the master equation.
The stochastic equations for the predator—prey system are

dM = dN{(M) — dN»(J, M), (8.81)
dJ = dN>(J, M) — dN5(J), (8.82)

where the three jump processes, d N;, have the respective jump rates

ry =AM, (8.83)
rn=uJM, (8.84)
r3 =vJ. (8.85)

This means that the respective probabilities that each of the d N; are equal to 1 in a
time-step dt at time ¢ are

PN, =1)=AM(t)dt, (8.86)
PN, =1)=pnJ@)M(t)dt, (8.87)
P(dN; =1)=vJ(t)dt. (8.88)

Performing a numerical simulation of the coupled stochastic equations (8.81) and
(8.82) is very simple. One first chooses initial values for the two populations M
and J. At each time-step dt, one chooses three independent random numbers, a;,
i =1, 2, 3, each distributed evenly between 0 and 1. For each i, we setdN; = 1 if
a; < P(dN; = 1), and set dN; = 0 otherwise. We then calculate dM and dJ for
that time-step using Egs. (8.81) and (8.82). We repeat this for many small time-
steps, and the result is a single realization of the stochastic equations (8.81) and
(8.82).

In Figure 8.2 we show the result of a simulation where the parameters are
A =10, u = 0.1, and v = 10. The initial conditions were chosen to be M = 100
and J = 20. This shows oscillations, in which the rises and falls of the population
of the predators follows behind (lags) the rises and falls of the population of the
prey. These oscillations are induced because the rise in the predator population
induces a fall in the prey population. This reduction causes the predator population
to fall because of the decrease in their food supply. This fall then allows the prey
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Simulation of a Predator—Prey System

Population

Figure 8.2. Population of the predator (dashed line) and the prey (solid line) as a
function of time in a simulation of a simple stochastic model of a predator—prey
system.

population to rise, which allows the predator population to rise, and the cycle
continues. The fundamental cause of the oscillations is that the predator population
always overshoots its available food supply, rather than reaching a steady-state.

We find that the size (amplitude) of the oscillations fluctuates. This is caused by
the randomness in the jump events. If more prey are born than the average in some
time period, and fewer happen to be eaten in the same time period, purely owing
to chance, then the prey population will increase, followed by an increase in the
predator population, leading to larger peaks in the oscillations.

It is worth noting that insight into the behavior of a jump process can be obtained
by analyzing deterministic equations that give the approximate behavior of the
means of the processes (in our case the means of M and J). These equations are
obtained by making M and J real (continuous) deterministic variables, and making
their rates of change equal to the average rates of change implied by the jump
processes. From Eqs. (8.83)—(8.85), the deterministic equations for M and J are

M =AM —puIM, (8.89)
J=puJM—vl. (8.90)

These are called the Lotka—Volterra equations. We simulate them with the same
initial conditions and parameters as above, and the result is shown in Figure 8.3.
We find that the populations oscillate in the same way as they do for their
stochastic counterparts. In this case, however, the oscillations are exactly periodic,
with a constant amplitude and wavelength. This confirms that the changes in the
amplitude (and wavelength) in the stochastic predator—prey system are the result
of the randomness.

An example of an interesting question one might wish to ask is the following:
given some initial populations of predators and prey, what is the probability that
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Deterministic Approximation to a Predator—Prey System
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Figure 8.3. Population of the predator (dashed line) and the prey (solid line) as a
function of time in a simple deterministic model of a predator—prey system.

they will go extinct? Such an event is only possible because of the randomness of the
birth/death processes, and one expects it to be very small when both populations are
large, and increase as they get smaller. One can answer this question, at least for the
simple model above, by solving the master equation using a numerical simulation,
and looking at the values of P(j =0,7)=)_, P(0,m,t) and P(m =0,1) =
> ; P(j,0,1) as time goes by. One can also get this information by calculating
many realizations of the stochastic equations, and then averaging over them to
obtain estimates of P(n, m, t), and thus P(j = 0, ¢) and P(m = 0, 1).

In fact, examples of the simple predator—prey model we have described are
seldom seen in nature — this is because interactions between predators and prey
usually involve many different species, not just two. It is seldom the case that a
predator has a single food source, or that a given population has only a single
predator. An exception to this is the case of Canadian lynxes and snowshoe hares,
and data for the populations of these two species do indeed oscillate like the simple

model. A discussion of the data on Canadian lynxes and hares may be found in
Fundamentals of Ecology by Eugene Odum [29].

8.9 Biology: neurons and stochastic resonance

Neurons are cells that transmit signals to one another. The basic mechanism for
this transmission is as follows. Each neuron has a number of inputs, these being
ion currents that flow into them via a number of ion channels. The input current
that flows in through each ion channel is controlled by other neurons, a different
neuron controlling each channel. The ion currents come in two kinds, potassium
and sodium. The sodium currents make a positive contribution to the total current
flowing into a neuron, and the potassium currents make an effectively negative
contribution (we won’t bother to go into how this is achieved here). Once the total
input current to a neuron reaches some threshold, the neuron changes its voltage
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with respect to its surroundings in an area near the ion channels. This localized
voltage spike (called an “action potential”) travels in a pulse down the rest of the
neuron, which is a long thin tube called the axon. The end of the axon is the
“output” of the neuron, and splits into many branches that connect to the inputs of
other neurons. When the voltage pulse reaches the ends of the axon’s branches, it
causes an input current to flow into the inputs of these neurons.

In summary, the transmission of a signal from one neuron to another is accom-
plished when the first neuron changes its voltage for a short time, so as to generate
an input to the second neuron. This second neuron will have many inputs from
different neurons, and if enough of these inputs are stimulated, this neuron will
in turn produce a voltage spike and in turn send a signal to the neurons to which
its output is connected. The output signal of each neuron can be regarded as the
voltage, V, at its outputs, and the inputs to a neuron as the ion currents at its input
ion channels.

We now turn to the signals produced by neurons that transmit information to the
brain from the ear. If the ear is exposed to a single note at a given frequency, f,
then the neurons connected to the receptors in the ear produce a train of voltage
spikes that are, on average, separated by time intervals of 1/f. It appears from this
that information coming from the ear about sound is encoded in the time between
successive voltage spikes. The timing of the voltage spikes is noisy (that is, subject
to random fluctuations), and it is the average time between successive spikes that
appears to encode the frequency information. In order to obtain a simple model
of an auditory neuron, we thus seek a noisy dynamical system that exhibits jumps
between two states, and in which the average time between jumps is determined
by the frequency of a sinusoidal signal.

It turns out that a simple model which satisfies the above requirements exhibits
a surprising phenomena: adding noise to the system can increase the clarity of the
output signal. This is referred to as stochastic resonance. In the neuron model, this
means that adding some noise to the input can make the time intervals between
successive output spikes fluctuate less about its average. The result of this is that,
for each input frequency, there is a certain amount of input noise that minimizes
the fluctuations of the spike train.

To motivate the model it helps to know the physical system from which it
comes. Imagine a single particle trapped in one of two potential wells, separated
by a potential barrier. If the particle is being kicked around by a noisy force,
every now and then the particle will, by chance, get enough kinetic energy to hop
over the barrier to the other well. The average rate at which this hopping occurs
increases with the amount of noise. Now imagine that we apply a sinusoidal force,
F(t) = Fycos(wt), to the particle. When the cosine is positive the force tries to
push the particle from the left well to the right well, and when the cosine is negative
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it tries to push it the other way. When we choose Fj so that the force is not strong
enough to push the particle over the barrier on its own, it still influences the random
hopping induced by the noise. The reason for this is that, during the half-period
of the cosine in which the force is trying to push the particle over the barrier, the
forces make it easier for the noise to cause the particle to cross the barrier, and thus
increases the likelihood of it doing so. In this way the force effectively modulates
the hopping rate. It is in this situation where there is a non-zero optimal noise level
that will produce the most regular hopping between states (for a given sinusoidal
force).

We could analyze the “double-well” system exactly as it is described above — by
using the dynamical equations for the position and momentum of the particle in the
double-well, and allow it to be kicked around by a force proportional to the Wiener
noise, exactly as in the case of the Brownian particle in Chapter 5. However, there
is a simpler model we can use instead that correctly reproduces the results of such
an analysis. This builds in a simple way upon the model used to describe telegraph
noise, discussed above in Section 8.5. In this model we include only two states,
corresponding to the particle being in the left or right well, or equivalently the high
and low voltage states of the neuron. We will label the low state as N = 0, and
the high (spiking) state as N = 1. For n = 0, 1, we then allow the neuron to jump
from N = nto N = 1 — n with random jump rate u,. Each of the two jump rates
is some function of the noise strength and the sinusoidal force, F'. Note that during
the periods where the force increases the jump rate p,, it should decrease the jump
rate u,_1, which is in turn a fixed function of time. We choose the rates to be

pi(t) = pe " oS, (8.91)
[o(t) = pe” 5@, (8.92)

where o is the frequency of the force, i determines the overall average jump rate,
and r determines the amount by which the force (being the input signal) affects the
jump rates. The average jump rate in the absence of the force depends, of course,
on the amount of noise. Denoting the strength of the noise by B, the relationship
between the jump rate and the noise in the double-well system is

w(p) = re P, (8.93)

where A and k are constants determined by the shape of the wells. Finally, to
correctly reproduce the results of the physical double-well system, we must set
r =ro/B. This means that the stronger the noise, the less influence the input
signal has on the jump rates. We can also write these equations more compactly as
Wy = e~V eos@d Note that this model is merely the random telegraph process
with time-dependent jump rates.
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The dynamics of the neuron is given by the master equation
Po(t) = —p1 () Po(t) + po(t) Pi(1), (8.94)
Pi(t) = —po(t) Py(t) + pi(t) Po(t), (8.95)

where P,(¢) is the probability that N = n. Where convenient we will suppress the
time argument, so that P, = P,(¢). We will also use the alternative notation P(n, t)
for P,(t). We can use the fact that Py + P; = 1 to write an equation for P; alone,
which is

P, = —y(t)P; + (1) = —2r cosh[cos(wt)| Py + pe” <@, (8.96)

where we have defined y () = wuo(t) + w©1(¢). The solution to this differential equa-
tion is given in Section 2.4.1, and is

t
Pi(t) = e "V Py(0) + / OO (hat (8.97)
0
where
t
L) = / y()dr'. (8.98)
0

We now assume that the parameter r is much less than unity (» < 1). This means
that we can obtain approximate expressions for the transition rates by expanding
the exponentials in Eqs. (8.91) and (8.92) in a Taylor series, and taking this series
to second-order. This gives

1
(1) = 11 [1 + (—=1)"r cos(wt) + 5r2 cosz(wt)i| (8.99)
and
y(t) ~ w24 r* cos’(wt)]. (8.100)
With this approximation, the solution to the master equation is
1
P(n, tngy, 0) = 5 (1 + (—=D)"k(t) + 2840, — 1 — (—1)”/{(0)]e_2’”) , (8.101)

where ny is the state of the system at time r = 0, and

K(t) = (%) cos(wt + @), (8.102)
¢ = arctan (ﬁ) . (8.103)
2u

What we really want to know is the strength of the periodic signal that appears
at the output of the neuron (that is, in the flipping of the voltage between the two
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states)? One way to evaluate this is to calculate the mean value of the voltage as a
function of time. If this oscillates sinusoidally at frequency f, then we know that
the output does contain information about the input frequency. We can calculate
(N(t)) directly from P;(¢), and this gives

(N() =Y P(n, tIng, 0) = P(1, t|no, 0)

= % (14 1) = [(=1)" + x(0)]e ") . (8.104)

As t — oo the initial condition becomes unimportant, and we have

(N() = » 4 Breos@l + ) (8.105)

N e
Indeed (N (¢)) oscillates at frequency f, and thus the output signal contains infor-
mation about the input frequency. The important quantity is the amplitude of
the oscillation of (N (7)), as this indicates the clarity of the output signal regarding
the value of f. In particular we would like to know how this amplitude depends
on the noise strength . The amplitude of the oscillation in (N (¢)) is

A = [ —E—) = wp) Yo, (8.106)
VAR + o? BVARB) + o?

where p(B) is given by Eq. (8.93). It is now simple to show that A reaches a
maximum at a value of 8 greater than zero. First we note that when 8 = 0, A = 0.
This becomes obvious by making the replacement y = 1/8:

lim A(8) = lim ( > );»0 = lim (22) () =0
B—0 v=00 \ ek [4e=2Ky 4 (/1) y—oo \ A eky
(8.107)

Similarly, as 8 — oo, A(B) — 0. Clearly, however, for 8 € (0, 00), A(B) is greater
than zero, and thus must reach a maximum for some value of 8 greater than zero.
This is the phenomena of stochastic resonance. When the noise is at its optimal
value, the time intervals between consecutive flips of the neuron’s voltage, and thus
between the voltage spikes, fluctuate less about their mean value. This produces
the clearest signal at the output.

Further reading

Further discussion of predator—prey systems, including experimental data on pop-
ulations of lynxes and hares in Canada, can be found in Fundamentals of Ecol-
ogy by Eugene Odum [29]. Many more details regarding the theory of stochastic
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resonance, including applications to neurons, may be found in the review article
by Gammaitoni et al. [30].

Exercises

1. For the Poisson process, calculate the expectation values of N3 and e".

2. Determine the probability density for the time, 7, at which the first jump of the Poisson
process occurs.

3. Consider a jump process in which N starts with the value 0, and jumps by two with
the average rate A. Solve the master equation for this process to determine P(n, 1).

4. Consider a stochastic process N(¢) that can take the values N =0, 1,2, ..., 0o, and
which undergoes jumps of size +1 and — 1. The rates of both processes are functions of
N': the positive (or upward) jumps occur at the rate y, (), and the negative (downward)
jumps occur at the rate y_(N). In this case the steady-state set of probabilities, Py (n) =
Prob(N = n), can be obtained by choosing Pg(n) so that the total upward flow of
probability from each state n to n + 1 matches the downward flow from n + 1 to n.
This condition is called detailed balance. (More generally, detailed balance implies
that the flow of probability between any two states is matched by an opposite flow
between the same states.) Show that the steady-state probability for state N =n
implied by detailed balance is

2 —1
I XOE| %PSS(O), (8.108)
m=1

with Pg(0) chosen so that Y ) Pis(n) = 1.

5. Using the generating function method to solve the master equation for the Poisson
process, calculate the generating function for the Poisson process when the initial
condition is N = k. Then use the generating function to calculate the mean and
variance for the Poisson process with this initial condition.

6. Consider the Poisson process, but now where the jump rate A is some fixed function
of time, so that A = f(¢). What is P(n, t) in this case?

7. Calculate the mean and variance of the telegraph noise process.

8. Solve the master equation for the random telegraph process when the transition rates
are ug = 1 — cos(wt) and u; = 1 4 cos(wt). Calculate the mean as a function of time.

9. There is a little round, fluffy, alien creature that is a popular pet on the planet Zorg.
The color of the creatures’ fur can be either red or blue, and will change spontaneously
from one to the other at apparently random times. However, the creatures are social
animals and this causes them to change color faster the more creatures there are of the
other color. So if there are a number of the little guys in a box, the rate at which each
one switches color is a constant, plus a term proportional to the number of creatures
of the color it is switching to. Given that the total number of creatures in the box is N,
write down the master equation for the probability that M of them are blue. What is
the master equation when there are only two creatures in the box? Write this master
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10.

11.

12.

Jump processes

equation as a linear differential equation for the vector x = (x, y)T, where x = P(0, t)
and y = P(2,1).

In Chapter 7 we described chemical reactions using Fokker—Planck equations, but
master equations can also be used to model chemical reactions. Consider a chemical
reaction in which there are two reagents, A and B, in solution in a beaker. Let us
denote the number of molecules of the first substance by N4 and the second by Np.
The chemicals react to produce a third substance, C, whenever a molecule of A collides
with a molecule of B. If the rate at which this happens is » A B, write down the master
equation for the three quantities N4, N and N¢.

Consider a chemical reaction in which there are two reagents, A and B, as above.
However, this time two molecules of A and one of B are required for the reaction to
occur, in which case one molecule of C and also one molecule of A is produced. In
this case, the rate at which the reaction occurs is r A(A — 1) B (why?). Write down the
master equation for the three quantities N4, Ny and N¢ in this case.

Write down the master equation for the chemical reaction

2A — B
B — 2A

where the two reactions occur at different rates. What is the master equation when
there are only two molecules of A to start with? Solve the master equation in this case,
and calculate the mean of A in the steady-state.
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Levy processes

9.1 Introduction

So far we have studied stochastic differential equations driven by two fundamentally
different noise processes, the Wiener process and the Poisson process. The sample
paths of the Wiener process are continuous, while those of the Poisson process are
discontinuous. The sample paths of a stochastic process x(#) are continuous if its
increments, dx, are infinitesimal, meaning thatdx — Oasdt — 0. The Wiener and
Poisson processes have two properties in common. The first is that the probability
densities for their respective increments do not change with time, and the second
is that their increments at any given time are independent of their increments at all
other times. The increments of both processes are thus mutually independent and
identically distributed, or i.i.d. for short. In Section 3.3, we discussed why natural
noise processes that approximate continuous i.i.d. processes are usually Gaussian,
and that this is the result of the central limit theorem. In this chapter we consider
all possible i.i.d. noise processes. These are the Levy processes, and include not
only the Gaussian and Poisson (jump) processes that we have studied so far, but
processes with continuous sample paths that do not obey the central limit theorem.

There are three conditions that define the class of Levy processes. As mentioned
above, the infinitesimal increments, dL, for a given Levy process, L(¢), are all
mutually independent and all have the same probability density. The third condition
is a little more technical: the increment of a Levy process in a time step At, which
we denote by AL, must satisfy

lim Prob(AL > ¢) =0, 9.1)
At—0

for all values of e greater than zero. Here the term Prob(AL > ¢)isto be read as “the
probability that AL is greater than &”. This condition is referred to as “stochastic
continuity”, and is quite reasonable. While this condition allows the infinitesimal
increments d L to be finite (jump processes), it states that their probability of being
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finite goes to zero as d L goes to zero. The Poisson process obeys this, because the
probability that the increment d N is unity is Adt, and thus goes to zero as dt — 0.
For the same reason, this condition also removes the possibility that there are jumps
at fixed (deterministic) times: a jump at a fixed time, 7, has a non-zero probability
of occurring at that time. What stochastic continuity does not do is to prevent
infinitesimal increments from being deterministic. The deterministic increment dt
is a perfectly valid increment for a Levy process. This means that a Levy process
can always have a deterministic component that increases linearly with time. This
is referred to as a drift.

The two processes that we have studied so far, the Wiener process and the Poisson
process, are Levy processes. But there are also more exotic Levy processes. We
first describe an interesting special class of these exotic processes, called the stable
Levy processes.

9.2 The stable Levy processes

We recall now that the Gaussian probability density is special, in that if we add
two independent Gaussian random variables together, the result is also Gaussian.
If the means of the two initial variables are zero, then the mean of the sum is also
zero. The only difference between the density of the initial variables, and that of

their sum, is that the standard deviation of the sum is ogm, = ,/012 + 022, where o
and o, are the standard deviations of the original variables. If 0| = 03, then the
standard deviation of the sum is simply +/2 times that of the original variables. If
we add N i.i.d. Gaussian variables together, then the result has a standard deviation
that is «/ﬁ times that of the original variables. Since the standard deviation is a
measure of the width of the density, increasing the standard deviation by a factor
of /N is the same as stretching the density by the same factor. Note that to stretch
a function, P(x), by the factor a, we replace x by x/a; P(x/a) is the stretched
version of P(x).

Recall from Chapter 1 that the probability density of the sum of two random
variables is the convolution of their respective densities. Thus when we convolve
two Gaussians together, the result is also a Gaussian. The central limit theorem tells
us that when we convolve two densities with finite variances, the result becomes
closer to a Gaussian. Now we ask, can we find densities that, when convolved with
another copy of themselves, are not Gaussian but nevertheless retain their form
apart from a simple stretching? Such densities would not obey the central limit
theorem, and would therefore have infinite variances. We can find such densities
by focussing first on their characteristic functions. Convolving a density with itself
is the same as squaring its characteristic function. Further, scaling a density by a
factor a is the same as scaling its characteristic function by 1/a. Thus all we need



9.2 The stable Levy processes 153

to do is find functions that have the property that their square is a scaled version of
themselves. The following exponential functions have this property: if we define
Xa(s) = exp{—c|s|*} (where c and « are non-negative constants), then

Xa(s) = exp{—2¢c|s|*} = exp{—c[2"/*5|*} = xa(2'%5). 9.2)

Thus squaring x.(s) squashes it by a factor 2~/%. Adding two random variables
whose density has the characteristic function x,(s), therefore results in a random
variable with the same density, but stretched by the factor 2!/%, The Gaussian density
is a special case of this, since its characteristic function is x»(s) = exp{—o2s?},
giving the stretching factor 2!'/? (here o is, as usual, the standard deviation of
the Gaussian). The probability densities that correspond to these characteristic
functions are called stable densities, because their form does not change under
convolution.

If we write the constant ¢ as ¢ = o, then o is a measure of the width of the
corresponding probability density. (This is because multiplying o by some factor k
stretches the probability density by k.) It is therefore usual to write the characteristic
functions as

Xa(s) = exp{—o“Is|*}. 9.3)

So what probability densities do these characteristic functions correspond to
when o # 27 It turns out that « must be in the range 0 < « < 2 for the characteristic
function to correspond to a normalizable probability density. There are only three
values of « for which the corresponding probability density has a closed form. The
first is, of course, the Gaussian. The second is the Cauchy density,

(o2

Co(x) = m,

9.4)

corresponding to o« = 1, and the third is the Levy density,

Ly(x) = {V o/Qmx?) e/, x>0 9.5)

0, x<0

corresponding to « = 1/2. The Cauchy and Levy densities with o = 1 are plotted
in Figure 9.1, along with the Gaussian with o = 1 for comparison. We see that the
“wings” or “tails” of the Cauchy and Levy densities are much wider than those of
the Gaussian.

The mean of the Cauchy density is finite (it is zero for the density in Eq. (9.4), but
can be changed to anything else merely by shifting the density along the x-axis),
while its variance is infinite. The Levy density is even more pathological, since
even its mean is infinite! More generally, the means of the stable densities are finite
when 1 < o < 2, and infinite when o < 1. The only stable density that has a finite
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Gaussian, Cauchy, and Levy Probability Densities

Figure 9.1. Here the Cauchy (thick solid line) and Levy (thick dashed line) are
shown in comparison to the Gaussian thin solid line . For all the densities the width
parameter o = 1. (For the Gaussian o is the standard deviation.) The means of
the Cauchy and Gaussian densities are zero, and the peak of the Levy density has
been chosen to coincide with those of the others.

variance is the Gaussian. The smaller @ the more pathological the density. The
stable densities are also referred to as the “«-stable” densities, to explicitly refer
to the parameter that determines how they stretch when their random variables are
added together.

Note that since the variance of the Cauchy density is infinite, the parameter o
that appears in Eq. (9.4) is not the standard deviation. It does, however, have a clear
meaning in terms of the average value of the fluctuations of X from its mean value.
Specifically, it is the average of the absolute value of the deviation of the variable
from its mean:

o0

o= / lx — (X)|C(x)dx. (9.6)
—0o0

For the Levy density, however, the parameter o cannot be related directly to a

simple measure of the average fluctuations about the mean, since the mean is

infinite.

The whole set of stable densities for « < 2 now give Levy processes that are
not Gaussian. This is achieved by choosing the increment of a Levy process to
have an «-stable density. The resulting Levy processes are called the «-stable Levy
processes, and we will denote their infinitesimal random increments by d.S,. To
define the a-stable processes, we do, however, need to work out how the width of
each stable density, o,, must scale with the time-step At. Recall from Chapter 3
that for a Gaussian the width (standard deviation), o, of the increment, AW, has
to be proportional to /Az. The reason for this is that the sum of the increments
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for the two half intervals, At/2, must give the correct width for the increment for
the full time interval when they are added together. If we denote the width of the
Gaussian increment for time interval t as o (1), then for the Gaussian we must have

V20 (At)2) = o(At) 9.7)
and thus o (At) = V/At. For the increments of an «-stable density, we must have
21265, (AL )2) = 04(AD), 9.8)
and thus
ou(AL) = (AN, 9.9)

Let us consider as an example the Levy process driven by Cauchy increments.
This is the 1-stable Levy process. Its infinitesimal increment, d S, is the Cauchy
density

dt

Pasy =2 (@S2 + @P)]’

(9.10)

because in this case o o dr.
From our analysis above, we now know that the integral of the 1-stable, or
Cauchy, process over a time 7,

T
Sl(T)z/ dsS(1), (9.11)
0

has a Cauchy probability density (because the process is stable under summation,
just like the Gaussian), and its width is given by o = T'. For a general «-stable
process, its integral, S, (7), has a width TV Thus the smaller «, the more rapidly
the width of the integrated process increases over time.

Before we move on, we present the complete set of characteristic functions for
the densities that generate all the stable Levy processes, as these are somewhat
more general than those we have discussed above. The complete set of stable Levy
processes is generated by increments with the characteristic functions

exp{—a“lsl"‘ [1 —ip sgn(s)tan(mx/Z)] + i,us}, o #1
exp{—a|s| [1 + i(2ﬁ/n)sgn(s)ln(|s|)] + i,us}, oa=1.
(9.12)

Xe,p)(s) =

Here o is once again the width (or scaling) parameter, and u is a parameter that shifts
the density. For those densities for the which the mean is well-defined (o > 1), u
is the mean. The new parameter § is an asymmetry, or skewness, parameter. When
B = 0, the densities for which the mean is finite are symmetric about x = . When
B is not equal to zero, then it causes these densities to become asymmetric. The
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Wiener

Cauchy

Figure 9.2. Sample paths of the Wiener and Cauchy processes. The width of the
Wiener process scales as +/7, and that of the Cauchy process as ¢.

value of B must be in the range —1 < 8 < 1. We still refer to all these Levy
processes as being a-stable, regardless of the value of 8, since g only affects the
shape of the densities, not the fact that they are stable, nor the way they scale under
convolution.

The sample paths of the stable Levy processes for « < 2 can look quite different
to those of the Wiener process. In Figure 9.2 we plot sample paths of the Cauchy
process and the Wiener process for comparison.

9.2.1 Stochastic equations with the stable processes

Now that we have a bunch of new Levy processes, we can define differential
equations that are driven by these processes:

dx = f(x,t)dt + g(x, 1)dS,. (9.13)

Because these processes are stable, just like Wiener noise, we can just as easily
solve this stochastic equation for the case in which g is constant and f is linear in
x (this is the stable Levy process equivalent of the Ornstein—Uhlenbeck equation):

dx = —yxdt + gdS,. (9.14)
The solution is
t
x(t) =xpe "' + g / e’ dS,(s). (9.15)
0

The probability density for a random variable

Y(t)=g/0 f(0) dSo(s), (9.16)
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for any function of time, f(¢), is that given by the relevant characteristic function
in Eq. (9.12), with © = 0 and
1/

c=g UO [f(t)]“dt] : (9.17)

This can be shown in the same way as for the Wiener process (Chapter 3), and we
leave it as an exercise.

The solution for the multivariate Ornstein—Uhlenbeck process, in which the
Wiener noises are replaced by a-stable processes, is also just the same as that for
Wiener noise given in Eq. (3.104), with the vector of noises dW replaced by a
vector of a-stable noises dS, .

Unfortunately things do not remain that simple for more complex stochastic
equations. For even the full linear stochastic equation, given by

dx = —yxdt + gxdS,, (9.18)

no closed-form expression is known for the probability density (or characteristic
function) of the solution. Recall that to solve this equation for Gaussian noise
(a0 = 2), we used the fact that (d W)? = dt, which gives

X 4dx =x — yxdt + gxdW = e~ V& /DdigdW (9.19)

But we cannot make this transformation for any of the other stable processes,
because

((dSy)*) =00 for o« #2. (9.20)

Given this fact, one might even wonder whether the solution to the linear stochastic
equation, Eq. (9.18), is well defined at all! One need not worry, however; one merely
has to recall that random variables are well defined even if their variances, or even
their means, are infinite. While there is no closed-form solution to Eq. (9.18),
there is an explicit expression for the solution, which we show how to derive in
Section 9.4.

9.2.2 Numerical simulation

One way to simulate stochastic equations driven by «-stable Levy processes, is to
generate random variables whose densities are the a-stable densities. It turns out
that while the densities for almost all the «-stable processes have no known closed
form, there is a simple and efficient method for numerically generating samples
from all of these densities. There are a number of algorithms to do this [31, 32].
We will first give some particularly simple formulae for some special cases, then
give the formula of Chambers et al. for all symmetric cases (8 = 0), and finally
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give Kanter’s method for the general case [31]. We also note that the method of
Chambers et al. does extend to the general case, and is more efficient that Kanter’s
method, but contains a subtlety when « is close to unity. This algorithm may be
found in Ref. [32].

All modern programming languages include built-in functions to generate ran-
dom numbers sampled from a uniform probability density on the interval [0, 1].
This can be transformed to a variable with a uniform density on any fixed interval
by scaling and shifting. The algorithms we describe therefore take such random
variables as their basic ingredients. In the following, S ») will denote an a-stable
random variable witha = a, 8 = b,o0 = 1 and u = 0. We will also need a random
variable, y, with a “standard” exponential density. We therefore begin by describing
how to generate this random variable.

The standard exponential density. This is the probability density

0, y<0

e 30 9.21)

P(y) = {

To generate a random variable, y, with this probability density we use the
formula

y=—Inx, (9.22)

where x has a uniform density on [0, 1], and we exclude (throw away) the values
x =0and x = 1.
The Cauchy density. A Cauchy random variable is given by

S(l’()) = tan(x), (9.23)

where x has a uniform density on [—m/2, 7 /2], and we exclude the endpoints
x ==xm/2.
The stable density with o = 1/2 and B = 1. This is given by

Sajpn = 1/w?, (9.24)

where w is a zero mean Gaussian random variable with variance V = 2. Naturally
in this expression we have to throw away the cases in which w = 0. (A method for
generating Gaussian random variables is given in Section 6.1.1.)

All stable densities with B = 0. These are given by the formula [32]

sin(orx) <cos [(1— a)x])“‘“)/“
(cos x)1/« y ’

where x has a uniform density on the interval [— /2, /2], and y has the standard
exponential density described above.

S@o) = (9.25)
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Kanter’s method for all stable densities with B = 1. These random variables are
given by

(9.26)

sin(ax) (sin[(1 — a)x]\ !~/
S(O!,l) = ’

(sin x)/« y

where x has a uniform density on [0, 7], and y has the standard exponential density.

Kanter’s method for all stable densities. Generate two independent stable ran-
dom variables, A and B, each with the density of S, 1). We do this using Kanter’s
method above. The desired a-stable random variable is then given by

S@.py = N+A —n-B, (9.27)
where
_(sin[(r/2)1 £ B)A — 1 —aD]) "
= ( sin[z(1 — |1 —a|)] > ' (9.28)

9.3 Characterizing all the Levy processes

It turns out that there is a remarkably elegant way to characterize all possible Levy
processes. This is because the characteristic function for every Levy process has
a rather simple form. To introduce this form, and to understand the meaning of
its various parts, we should first examine the characteristic functions for random
variables generated by the Wiener and Poisson processes, with the addition of
deterministic drift.

To being with, a Levy process with drift and a single Wiener noise is given by
the stochastic equation

dz = pdt + odW, (9.29)

where (o is the drift rate, and o is the size of the Wiener noise. The solution to
this equation, z(1), is a Gaussian random variable with mean jf, and variance o °t.
From Chapter 1 the characteristic function for the density of z(#) is

x:(s) = explits — to’s?}. (9.30)

So a term in the exponential that is linear in s describes a deterministic drift, and a
term that is quadratic in s describes Gaussian noise.

We now turn to the Poisson process. Recall from Chapter 8 that the Poisson pro-
cess, N(t), with jump size § can take the values N(¢) = én,forn =0, 1,2, ..., 00.
The set of probabilities for these values is

ef)»t()\‘t)n

Prob(N(t) = én) = P(n,t) = py

(9.31)
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From this we can calculate the characteristic function, which is

o0

) €_M()\.l‘)n )
AN ($) = Z e/ (—‘) = exp{rr(e’ — 1)}. (9.32)
— n!

Now consider a stochastic process J(¢) that is the sum of a number of Poisson
processes all happening simultaneously, with different rates and different jump
sizes. This is called a compound Poisson process. If we denote a Poisson process
with rate A and jump size § by N(4, 8, ), then J(¢) = ZZIZI N(Apm, 6, t). Calcu-
lating the characteristic function for J(¢) is very simple, since the characteristic
function for the sum of a number of random variables is merely the product of their
respective characteristic functions. So the characteristic function for J () is

M
Xsa)(s) = exp {r D (e — 1>Am} : (9.33)
m=1

So we see that the characteristic function for a compound Poisson process is
obtained simply by adding together in the exponential the functions (e!** — 1)A,,
for each Poisson process m.

We can now consider a more general compound Poisson process that has a
continuum of different jump sizes, rather than a discrete set. The rate A for having
jumps of size § is now a function A(§), which we will refer to as the “jump rate
density”. The characteristic function is now given by replacing the sum in the
exponential with the integral of A(8) over §:

X7)(8) = exp {z / oo(e“” - 1)A(8)d8} : (9.34)

The total rate of jumps per unit time, A, is the integral of the jump rate density over
d:

A= /OO A(S)dS. (9.35)

oo
If we divide A(§) by this total jump rate, the result is the probability density that
the size of a jump, when it occurs, is equal to §. Writing this probability density as
p(8), we can alternatively write the characteristic function as

Xo(8) = exp {M f (e — 1)p<6>d8} . (9.36)

Now let us examine the jump rate density A(5) in a bit more detail. Clearly
this should integrate to a finite number for all jumps that are finite, otherwise the
process J(t) would instantly go to infinity. However, it turns out that we can have
a perfectly well-defined Levy process in which the jump rate goes to infinity as
the size of the jumps goes to zero. An infinite rate of infinitely small jumps is
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admissible. So let us arbitrarily break the integral over § into two parts, one for
|6] > 1, and one for |§| < 1. For the jumps that are larger than one the jump rate
density, also called the Levy measure, must be finite:

/ A(8)ds < oo. (9.37)
[§]>1

We said above that the jump rate can go to infinity as the size of the jumps
goes to zero, and while this is true, it is very subtle. This causes the process to
move beyond a compound jump process, and the distinction between jumps, drift
and diffusion blurs. While the proofs of these subtleties are beyond us here, we
can nevertheless provide some arguments for them. The first thing to note is that
the function e/ — 1 in the exponential that describes jumps of size § contains all
powers of s:

. 1 1
e —1=i8s — Eézsz — i§53s3 SRR (9.38)

We now recall from the start of this section that the first term in this power series
expansion is precisely the same as the one that gives the process a deterministic
drift. If we let A(§) tend to infinity as § tends to zero, then the first term in the power
series generates infinite drift. So before we allow A to blow up at § = 0, we must
remove this term in a finite region around § = 0. Our characteristic function then
becomes

XJn)(s) = exp {t / (€% — 1 —i8s)M(8)ds + ¢ f
[81<1

(e — 1)x(5)d5} )
18]>1

(9.39)

It turns out that this characteristic function gives a well-defined Levy process even
if A blows up at § = 0, so long as

/ 82M(8)ds < 0. (9.40)
[8]<1

We can now present the remarkable fact that allows us to characterize all the
Levy processes, a result referred to as the Levy—Khinchin representation: every
Levy process has a characteristic function of the form

XJ)(s) = exp {t [ius — stz]}

X exp {z [ / (€% — 1 —i8s)A(8)ds + f (€' — 1)k(8)d5]} ,
1§]1<1 |8]>1
(9.41)

where A(8) is called the Levy measure or Levy density, and satisfies Eqgs. (9.37)
and (9.40).
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The above result means that every Levy process can be constructed as the sum
of (1) a drift, (2) a Wiener process, (3) a compound Poisson process, and (4) a
process that is specified as a jump process, but has an infinite rate of infinitesimal
jumps. We can therefore divide Levy processes up into two groups — those that
have a finite jump rate, and the exotic Levy processes that have an infinite rate.
Those with an infinite jump rate are referred to as infinite activity Levy processes.
All processes with an infinite variance are infinite activity.

The above result means, for example, that the Cauchy process can be simulated
using jumps, instead of explicit Cauchy increments. The Levy densities for the
«-stable processes have the form

as~@th 5§50

bls|~ @D, § <0, 0.42)

A(S) = {

for some positive constants a and b; a discussion of this may be found on p. 94 of
Ref. [33].

9.4 Stochastic calculus for Levy processes

For stochastic equations containing Levy processes we can derive a transformation
formula that is the equivalent of Ito’s formula (Eq. (3.40)) for Wiener noise.
Deriving this formula for Levy processes with a finite activity (that is, in which
the jumps are due only to a compound Poisson process) is simple, and it turns out
that this formula, when written in the right form, is also true for Levy processes
with infinite activity. (We have, in fact, already considered a simple version of this
formula for jump processes in Chapter 8, namely the rule dN? = dN.)

To obtain the transformation formula for Levy calculus we consider a Levy
process, x(t), given by

dx = f(x,0dt + g(x, 1)dW +dJ, (9.43)

where J(t) is a compound Poisson process. We also define dx. as the part of the
increment of x(¢) that excludes the jumps, so that dx. = f(x, t)dt + g(x, t)dW.
Let us denote the times that the jumps occuras #;,,i = 1,2..., 0o, and the sizes of
the jumps as AJ; = AJ(1).

We wish to work out the increment of a variable y, where y is a function of x
and 7. We know that the process consists of periods in which there are no jumps,
so that the process is only driven by Wiener noise, punctuated by instantaneous
jumps. First consider a period between the jumps. During this time the increments
of x(¢) are equal to dx., so we can use Ito’s formula:

2
dy = (%) dx.(1) + (%) ar + 821 (%) dr. 44
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Each time a jump occurs, the increment in y is merely
dy(t;) = y(xi + AJ;) — y(xi), (9.45)

where we have defined x; as the value of x(¢) just before the ith jump occurs. Since
dy is the sum of these two, we have

_ (% ay\  glx,t) (d*y
dﬂﬂ—(5)d%m+{<5>+—3—<zﬁﬂdt

+ ) Iy + AJiy 1) = y(xi, 1)) (9.46)

1

Writing this now in terms of x(¢) instead of x.(¢) we have

_ (9 ay\ . glx,1) (d*y
dy(t) = <£> dx(t)+[<§)+ 2 (ﬁ)]dt

+> [y(xi FATLS) — y(x, s) — dy(xi, 1)

rp AJi] . (9.47)

In this expression the term — % A J; in the sum merely cancels the extra contribution
generated by the first term when we replace x. with x. While the formulae given
by Eqgs. (9.46) and (9.47) are the same for finite-activity Levy processes, it is only
the second, Eq. (9.47), that gives the correct formula for infinite activity Levy
processes [33].

9.4.1 The linear stochastic equation with a Levy process

Using the Levy calculus formula, Eq. (9.47), one can obtain an explicit expression
for the solution to the linear stochastic equation

dx = —yxdt +xdL, (9.48)

where d L is the increment of any Levy process. To obtain the solution we make the
now familiar transformation y = In(x). But before we do this we write the Levy
process in three parts:

dL = Bdt + gdW + AL;. (9.49)

The first two terms are the drift and Wiener noise components of the Levy process.
The second term, A Ly, is the part that is described by jumps (see Eq. (9.41)). Recall
that these jumps may generate probability densities with infinite variance, such as
the Cauchy process. Now using the transformation rule given in Eq. (9.47), we
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have
g’ Ax
X
2 A A
:—(y—g—>dt+dL+ln<l+—x)——x, (9.50)
2 X X

where Ax is the discontinuous part of the change in x (the “jump”) at time ¢. These
jumps come purely from the process ALj. Now we note that

Ax = xAL;. (9.51)
Substituting this into Eq. (9.50), we have

2

and we can now just integrate both sides to obtain

2
dy = — (V _ g_) dt+dL+In(1+ ALy — ALy, 9.52)

2 N

y(1) = yo — (y - %) t4+ L)+ Y In[1+ ALy(t,)] — ALy(t,).  (9.53)
n=I1

Here the index n enumerates the times at which the jumps occur, and N is the

total number of jumps in the interval [0, #]. The index n could be discrete, as

for a compound Poisson process, or continuous. In the latter case N is no longer

relevant, and the sum becomes an integral. Exponentiating the above equation to

obtain x = ¢”, the final solution is

N
x(t) = xoe”VE PO TT 1+ ALy(1,)] e~ 21 (9.54)

n=1

Further reading

Further details regarding Levy processes are given in the comprehensive intro-
ductory text Financial Modelling with Jump Processes by Rama Cont and Peter
Tankov [33]. Applications of Levy processes to finance are also given there. Appli-
cations of Levy processes to a range of phenomena in the natural sciences may be
found in the review article by Ralf Metzler and Joseph Klafter [34], and references
therein.

Exercises

1. Calculate the characteristic function for the Poisson process.
2. By multiplying the relevant characteristic functions together, and taking the continuum
limit, derive Eq. (9.17).
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. Consider a process x(¢) that is the sum of: (1) A Poisson process with jump rate A; and
(2) a deterministic drift with rate —X. What is the mean of x as a function of time?
(Note: the process x is called a compensated Poisson process.)

. Determine the characteristic function of the process x defined by

dx = —pxdt + B(t)dW +dN,

where d N is the increment of a Poisson process with jump rate A.
. Solve the stochastic equation

dx = —pxdt +tdC,

where dC is the increment of the Cauchy process.
. Use the solution given in Eq. (9.54) to write down the solution to the linear stochastic
equation

dx = axdt + BxdN,

and show that it agrees with the solution obtained in Section 8.2.
. Write down an explicit solution to the stochastic equation

dx = —u(t)xdt + g(t)dL,

where d L is the increment of a Levy process. Determine the probability densities of the
terms that appear in the solution where possible.



10
Modern probability theory

10.1 Introduction

You are probably asking yourself why we need a second chapter on probability
theory. The reason is that the modern formalism used by mathematicians to describe
probability involves a number of concepts, predefined structures, and jargon that
are not included in the simple approach to probability used by the majority of
natural scientists, and the approach we have adopted here. This modern formalism
is not required to understand probability theory. Further, in the author’s experience,
the vast majority of physically relevant questions can be answered, albeit non-
rigorously, without the use of modern probability theory. Nevertheless, research
work that is written in this modern language is not accessible unless you know
the jargon. The modern formalism is used by mathematicians, some mathematical
physicists, control theorists, and researchers who work in mathematical finance.
Since work that is published in these fields is sometimes useful to physicists and
other natural scientists, it can be worthwhile to know the jargon and the concepts
that underly it.

Unfortunately a considerable investment of effort is required to learn modern
probability theory in its technical detail: significant groundwork is required to
define the concepts with the precision demanded by mathematicians. Here we
present the concepts and jargon of modern probability theory without the rigorous
mathematical technicalities. Knowing this jargon allows one to understand research
articles that apply this formalism to problems in the natural sciences, control theory,
and mathematical finance. Further, if the reader wishes to learn the mathematical
details, being pre-equipped with these underlying concepts should smooth the
task considerably. There are many good textbooks that present the details of the
modern formalism; we recommend, for example, the excellent and concise text
Probability with Martingales by David Williams [35]. We hope that this chapter
will be especially useful to people working in interdisciplinary fields in which there

166
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remains some division between research communities who use one or the other
formalisms, and contribute to smoothing such divisions. In the following we have
placed all the key jargon terms in bold italic, so that they are easy to locate for
reference purposes. We have also included some additional technical information
under the heading Technical notes. These can be skipped without affecting the rest
of the presentation.

10.2 The set of all samples

The first thing we must define when considering probabilities, is the set of all
mutually exclusive possible outcomes. One, and only one, of these individual
outcomes will happen. If we roll a six-sided die, then there are six mutually
exclusive possibilities for the number that will appear face-up on the die. The
mutually exclusive possibilities are called the samples. This term comes from the
notion of “sampling” a probability density (when we look to see what the value
of a random variable is, we are said to have sampled the random variable). The
set of all the samples is denoted by the symbol €2, and called the sample space.
When describing a die roll, the set 2 has six elements. An element of 2 (that is, a
sample), is denoted by w.

10.3 The collection of all events

Rather than asking precisely what sample has occurred when we roll a die, we could
ask whether the number on the die is greater than three, or whether the number is
even. Each of these conditions (the number being greater than three, or being even)
has a probability of occurring. Each of these conditions will be true for some of the
samples, but not for all of them. Thus each condition corresponds to a subset of the
samples in the sample space. Each possible subset of the samples is called an event.
If we roll the die and obtain a sample that is greater than three, then we say that
the event “the number on the die is greater than three” has occurred. The collection
of all possible events is called the “o-algebra” (pronounced “sigma-algebra”) of
events, for reasons we explain next.!

10.4 The collection of events forms a sigma-algebra

An algebraic structure, or algebra, is a collection of objects, along with a number of
mathematical operations that can be performed on the objects. These operations can
take a single object, in which case they produce a second object, and are referred
to as unary. Operations may also take two objects, in which case they produce a

! We call the set of events a collection rather than a set because of Russell’s paradox involving sets of sets [36].
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third and are referred to as binary. To be an “algebra” the collection must be closed
under the operations. This means that whenever an operation is performed on one
or more of the objects, the object that it produces is also part of the collection.

Now consider the collection of all possible events for a given scenario (such
as rolling a die). Since each event is a set (of the samples), there are two natural
binary operations that can be performed on the events: union and intersection. The
union of two sets is the set of all the elements that appear in either of the sets, and
the intersection is the set of all elements that appear in both the sets. If we denote
one event as A, and another as B, then the union of the two is denoted by A U B,
and the intersection by A N B. There is also an operation that we can perform on
a single event. This operation gives the complement, also called the negation of
the event. The complement of an event is the set of all the elements in the sample
space that are not contained in the event. The complement of the event A, also
referred to as “not A”, is denoted by —A. Thus the union of an event, A, and its
complement, —A, is the whole sample space: 2 = A U —A. Finally, we can also
speak of the union (or intersection) of more than two events. Naturally the union
of a number of events is the set of samples that are contained in any of the events,
and the intersection is the set of samples that are contained in all of the events.
These operations on more than two events can always be written in terms of the
their binary counterparts. For example, the union of the three sets A, B, and C is
givenby AU (B UC).

Because the collection of all the events is closed under the operations U, N, and
—, it is an algebra (in particular it is called a Boolean algebra). If the number of
samples is finite, then this is all there is to it. However, the number of samples is often
infinite. For example, if one is measuring the length of an object, then the result
of this measurement has an infinite number of possible values. Mathematicians
have found that in this case, to ensure the answer to every question we might want
to ask is well-defined, the collection of events must be closed under the union
of a countably infinite number of events. By “countably infinite” we mean that
the events in the union can be put in one-to-one correspondence with the positive
integers. A collection of sets with this extra condition is called a sigma-algebra, or
o-algebra. The o -algebra of all the events in the set €2 is usually denoted by F or X.

Technical note. The o-algebra generated by a collection of sets is defined as
the smallest o -algebra that contains all the sets in the given collection. The most
useful o -algebra is the Borel o-algebra of the real numbers. This is the o -algebra
that contains (is generated by) all the open intervals on the real line. A vector of N
real numbers is a member of the N-dimensional space R", and the N-dimensional
Borel o-algebra is the o-algebra containing all the open /N -dimensional cubes in
RY. A set that is a member of a Borel o-algebra is called a Borel set.
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10.5 The probability measure

So far we have the set of all the samples, €2, called the sample space, and the
o-algebra of all the events, which is denoted by F. We need one more thing to
complete the basic building blocks of our probability theory. We need to assign
a probability to each of the samples, w. More generally, we need to assign a
probability to every event. A rule, or map, that associates a number (in our case the
probability) with every element of a o -algebra is called a measure.

The reader will already be family with the everyday “measure” defined by
integration. Consider a real variable x, where x can take any value on the real line.
The set of all values of x is the sample space, 2. Every segment of the real line,
[a, b], where 0 < a < b <1, is a subset of the sample space, and thus an event.
The integral

b
/ dx =b—a (10.1)

associates a real number with each of these sub-intervals. Note that we can change
the measure by introducing a function, f(x), and associating the number fc Ib fx)dx
with each interval [a, b]. It is from integration that the notion of a measure first
sprung. A primary reason for the development of measure theory is that there are
many useful subsets of the real line that standard integration (Riemann integration)
is not sufficient to handle. It will provide a number for every intersection of a
finite number of intervals, but one has to develop a more sophisticated measure to
consistently assign a number to every countably infinite intersection of intervals.
It is the Lebesgue measure that does this. One can broadly think of the Lebesgue
measure as associating a weighting with each point on the real line. We can then
talk of integrating over a segment of the real line with respect to this measure.

If we define a measure, i, that maps the interval [a, b] to the number c, then we
can write ¢ = u([a, b]). Alternatively, since the Lebesgue measure (and, in fact,
any measure) must have all the basic properties of the usual integral, it is natural
to use an integral notation for a measure. This notation is

b
c=/ w(dx). (10.2)

More generally, if our sample space is not the real line, then we can write the
number that the measure gives for an event A as

c:/u(dw):/du. (10.3)
A A

This formula can be read as “c is the integral over the samples in the set A, using
the measure .
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A probability measure, P, is a measure that gives a non-negative number for
every event, and which gives unity for the whole sample space:

1=fIP’(da)). (10.4)
Q

The probability measure must give unity for the whole space, since one of the
samples in the sample space must occur. (In the example of rolling the die, we
know that one of the numbers will appear face up, we just don’t know which one.)
We also note that the o -algebra of the events includes the empty set. This is the set
that contains no samples at all, and is denoted by @. The probability for the empty
set is zero, also because one of the samples must occur.

Integrating a function

A function on the sample space is a function that maps each element, w, to a
number. In addition to calculating the measure associated with a set of samples,
we also need to be able to integrate a function over the space of samples. The
integral of a function is defined with respect to a particular measure. This means,
loosely speaking, that to integrate a function over a set A, we cut A up into tiny
subsets, multiply the measure for each subset by a value that the function takes in
that subset, and then add up the results for all the subsets. If the measure we use is
the Lebesgue measure, then this corresponds to our usual definition of the integral
of a function (the Lebesgue measure is the same as the Riemann integral for simple
intervals). We write this as

fA f@)pldw) or /A fdp. (10.5)

The Radon—Nikodym derivative

Given a probability measure IP, one can define a new probability measure Q by

/A f(@)Qdw) = /A f(w)g(w)P(dw). (10.6)

To obtain Q we are thus “multiplying” the measure PP by the function g. This
function is called the Radon—Nikodym derivative of (Q with respect to P, and is
written as
dQ
i
One also speaks of QQ as having density g with respect to IP.

2. (10.7)

Technical note. The Lebesgue measure on the real line is based on the Borel
o -algebra. To obtain the Lebesgue measure one first defines a simple measure 1



10.6 Collecting the concepts: random variables 171

that maps every open interval (a, b) to the value b — a. The set of open intervals
generates the Borel o-algebra. This means that all the sets in the Borel o -algebra
are obtained by taking countably infinite unions and intersections of the open
intervals. The corresponding countably infinite additions and subtractions of the
values b — a then give the values for all the sets in the Borel o -algebra. This is the
Lebesgue measure, which assigns a value to every Borel set.

10.6 Collecting the concepts: random variables

Now we have everything we need to describe a random outcome: we have a
set of possible samples, and can assign a probability to every event. The three
key structures are the sample space, €2, the sigma-algebra of events, F, and the
probability measure, IP. Together these three structures are called the probability
space. The probability space is usually denoted by the list (2, F, P).

Random variables

In the simple description of probability presented in Chapter 1, the main objects
are random variables and probability densities. So now we want to see how these
are defined in terms of the new structures we have described above. A random
variable is an object that can take a range of possible values. So far we have defined
the possible outcomes, w, but we have not given these outcomes (samples) any
particular values — the samples are completely abstract. We now define a random
variable as something that has a value for each of the samples, w. Thus when a
given outcome occurs, the random variable takes a definite value. Note that because
the random variable maps each of the samples w to a value, it is actually a function
from the sample space €2, to a set of values. Often this set is the real numbers (for
example a Gaussian random variable) or is a finite set of integers (the result of a
die roll).

Every subset of the possible values of the random variable corresponds to a
subset of the samples, and thus to an event. The probability measure gives us a
probability for every subset of the values that the random variable can take. This is
what the probability density does for us in the simple formalism.

Probability densities

It is not necessary for our purposes to know precisely how the probability density
is related to the probability measure. If you do want to know, we can describe
the relationship with the following simple example. Let us say that we have a
random variable X that takes values on the real line, and is defined by the function
f(w). Recall that the measure on the probability space is IP. The probability that
—00 < X < x (recall that this is the probability distribution for x) is obtained by
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2

1

Figure 10.1. A grid corresponding to the possible outcomes (samples) for two
discrete random variables X and Y. Each square in the grid corresponds to a
sample in the sample space €2.

using the inverse of f to map the set of values (—oo, x] to the corresponding event
in the sample space, and then using P to get the probability. We can write this as

D(x) = Prob(X € (0o, x]) =P[f'{(co, x]}]. (10.8)

Since D(x) is the probability distribution for X, the probability density is

d
P(x) = P [f (o0, x1}]. (10.9)

Independent variables and o -algebras

In modern probability theory one thinks about the independence of two random
variables in terms of o-algebras. This is much simpler than it sounds. Consider
two discrete random variables X and Y, each of which take the values one through
ten. The total set of possibilities is the one hundred possible combinations of their
values, (x, y). Since each sample corresponds to one of these combinations, there
are one hundred samples in the sample space €2.

Figure 10.1 displays a grid in which each square represents one of the samples.
Now consider the variable X alone. The event X = 1 corresponds to any one of
the samples in the top row. The probability that X = 1 therefore corresponds to
the sum of the probabilities of the samples in the top row. Another way to say this
is: the probability that X = 1 is the value given by the probability measure for the
set of samples consisting of the entire top row of samples. Correspondingly, the
probability that X = n is given by the probability measure for the set consisting
of the nth row. This means that to calculate the probability for any value of X, or
subset of the values of X, we only need consider the sets of samples that consist of
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full rows, or the unions of full rows. The collection of all these “row sets” forms a
o-algebra. This o -algebra is not the full o -algebra for the sample space, since there
are many sets of samples (the columns, for example) that it does not include. It is
therefore a subalgebra of the sample space. This subalgebra allows us to calculate
all the probabilities relating to the random variable X alone, and is thus sufficient
to “support” X. This subalgebra is referred to as the o-algebra generated by X. If
o is a o-algebra, the notation o (X) means that o is the algebra generated by the
random variable X.

We have now seen that each independent random variable is described by a
subalgebra of the o-algebra of the sample space. In the example in Figure 10.1,
X is described by the subalgebra of the rows, and Y by the subalgebra of the
columns. In modern probability theory, one defines the independence of two (or
more) random variables in terms of the independence of their respective o -algebras.
While this is not so important for our purposes, two o -algebras, ox and oy, are
independent if the probability measure of the intersection of any subset in ox with
any subsetin oy, is the product of the measures of the two subsets. In symbols this is

P(A N B) = P(A)P(A), forall Acoy and Beoy. (10.10)

This is another way of saying that the joint probability density of X and Y is the
product of their respective probability densities.

Note that the o-algebra that describes both X and Y subsumes the separate
o-algebras for each. By this we mean that all the subsets that are contained in the
o-algebra for X are also contained in the o -algebra that describes the possible val-
ues of X and Y. In our example above this is the o-algebra of the whole sample
space, 2. However, if the sample space contained three independent random vari-
ables, then the o-algebra for X and Y would merely be a subalgebra of the full
o -algebra for Q.

Conditional expectation

In classical probability theory, one usually thinks about the relationship between
two random variables in terms of their joint probability density, or conditional
probability densities. Mathematicians often think instead in terms of the expectation
value of one variable given the value of another. The expectation value of X given
a specific value for Y is called the conditional expectation value of X, conditioned
on the value of Y, and is denoted by E[X|Y]. The conditional expectation value is
actually itself a random variable. This is because E[X|Y] has a specific value for
each value of Y. Thus E[ X |Y ] is arandom variable that has the same o -algebraas Y.

Technical note on random variables. Say that we have a random variable x
given by the function f. Since f maps each sample point to a value, it also maps a
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specific set of sample points to a specific set of values. If we want to calculate the
probability of that x falls within a certain set of values, then f (strictly, the inverse
of f) maps this set back to an event in the sample space, and the measure tells
us the probability of that event. So the procedure of mapping back to the sample
space, and using the measure defined on this space (technically, on the o -algebra
of this space), actually provides a measure on the space of values of x. We would
like this measure to assign a value to every Borel set in this space. This means that
the inverse of f must map all the Borel sets to the o -algebra (or to a o-subalgebra)
of the sample space, F. A function that does this is called a measurable function.
Thus, technically, a random variable is defined by a measurable function on the
sample space. If a random variable is described by the o-algebra X, then the
function that defines it is referred to as being X-measurable.

10.7 Stochastic processes: filtrations and adapted processes

We now have almost all the jargon we need to understand research articles on
stochastic processes employing modern probability theory. The final piece is the
terminology related to stochastic processes themselves. Consider now a discretized
stochastic process, X(¢), whose increment in each time interval Af is AX,,. As
usual we have N time intervals, and we label the increments AXo, ..., AXy_1.
We will also denote the value of X at time nAt by X,, = X(nAt) = 871 AX;.
At time r = 0 we do not know the value of any of the increments of X; at that time
they are all still in future. As time passes, all of the increments take on specific
values, one after the other. At time r = n At we know the values of the AX,, for
n=0,...,n—1.

The sample space for this stochastic process includes all the possibilities for all of
the random variables A X,,. We will denote the o -algebra for each of these variables
by 0 (AX,), and the combined o -algebra for the set of variables A Xy, ..., AX, as
Fn. Note that the o -algebra F,, contains all the events that can happen up until time
(n 4+ 1)At. That is, if we want to know the probability for anything that happens
up until time (7 + 1)A¢, we only need the o-algebra F,. Recall from Section 10.6
that the o -algebra for a set of random variables contains the o-algebras for each of
them. To signify that one o-algebra, X, is contained within another, X, we use
the symbol C, and write ¥; € X,. We therefore have

FoCF C- - CFyy Co-n. (10.11)

A sequence of o-algebras that describes what information we have access to at
successive times is called a filtration. The sequence of o-algebras F, is thus a
filtration. Stochastic processes are therefore described by a sample space €2, an
all-encompassing o -algebra F, a probability measure [P, and a filtration, which is
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usually denoted by {F,} (or just F,). This collection of objects is called a filtered
probability space, or just filtered space, and usually written as (2, F, F,, P)

For a continuous stochastic process, X(¢), we merely replace the discrete index
n with the time 7. So F; is the o-algebra for all the infinitesimal increments of
X up until time t. We also have 7] C F, when ' < ¢, and the filtered space is
now written as (2, F, F;, P). An adapted process, Y (t), (also referred to as being
adapted to F;) is a process that at time ¢ is only a function of the increments of
X (t) up until that time. Thus an adapted process at time ¢ is fully described by F;.

To summarize: a filtration is a sequence of o -algebras, one for each time ¢, and
the o-algebra at time ¢ describes all the stochastic increments up until that time.
An adapted process, X(¢), is one that is a function only of information available up
until time ¢.

10.7.1 Martingales

The term “martingale” often arises in mathematics papers, and is a very simple
concept. (Incidentally, this term derives from a French acronym for a gambling
strategy.) A martingale is a stochastic process whose expectation value for the
next time-step is the same as its value at the present time. So if the value of the
process X(t) at time ¢ is known, then X is a martingale if

(X(t +dt)) = X(1). (10.12)

The above equation looks a bit odd (strictly it is an “abuse of notation”), because
we do not usually think of the value of a stochastic process at time ¢ as being
known: we usually think of X(#) as representing a random variable at time ¢, rather
than the value of this variable. However, once we have arrived at time ¢, then this
value is known. A more explicit way to write Eq. (10.12) is

E[X(t+dnX®)] = E[X(@)|X®)], (10.13)

since the expectation value of X (¢) given X(t) is the value of X at time ¢.
There are also sub-martingales, super-martingales and semi-martingales. A pro-
cess X(t) is a sub-martingale if

E[X(t +dn|X(0)] = E[X ()X ()], (10.14)
and is a super-martingale if
E[X( +dt)|X(1)] < E[X(1)|X(1)]. (10.15)

This terminology comes from a relationship with super- and sub-harmonic func-
tions. The definition of semi-martingales is more technical, and involves the
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continuity of stochastic integrals of the process in question [33]. We omit this
definition here, but note that all Levy processes are semi-martingales.

10.8 Translating the modern language

With the above jargon in hand, the reader should be able to read many research
articles written using the modern formalism. To make this easier, we now give as
examples a couple of excerpts taken from such works. Since we have drawn these
from control theory, the following simple background knowledge will be useful: the
evolution of a noisy dynamical system can be controlled by continually changing
the forces on the system. This amounts to changing one or more parameters that
appear in the differential equations for the system. If we denote the set of parameters
by the vector ¢, and the state of the system by the vector x, then the equations for
the system might be

dx = f(x, ¢, )dt + g(x, ¢, )dW. (10.16)

To control the system we make ¢ a function of time. More specifically, we make
¢(t) a function of x(¢). This control procedure is referred to as feedback control,
because we are “feeding back™ our knowledge of where the system is at time 7 to
modify the dynamics, with the hope of correcting for the effects of noise.

Now to our first example. The following introductory passage is taken from the
text on control theory by Alain Bensoussan [39] (page 23).

Let (2, A, P) be a probability space on which is given

w(-) a Wiener process with values in R”, with covariance matrix Q(-).

Let 7' = o(w(s), s <1). The process w(-) will be the unique source of noise in the
model, and we assume full information, i.e. 7" represents the set of observable events at
time 7.

An admissible control is a process v(-) adapted to F*, which is square integrable.

Let v(-) be an admissible control; the corresponding state is the solution of

dx = (F()x + G(t)v + f(@))dt + dw, (10.17)
x(0) = x. (10.18)

Now that we know the concepts and associated jargon of modern probability
theory, this introductory passage is not hard to follow. The first line states that
(2, A, P) is a probability space, so we infer that the author is using A to denote
the o -algebra of events, and P instead of [P for the probability measure. The next
line tells us that “w(-) is a Wiener process”. The statement that w takes values in
R™ means that it is actually a vector of n Wiener processes, and that the covariance
matrix that gives the correlations between these Wiener processes is denoted by
C. The “dot” given as the argument to w just means that w is a function of
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something — since it is a vector of Wiener processes we can assume that this
something is time, 7. The covariance matrix is thus also a function of 7. The next
line tells us that 7' = o (w(s), s < t). Since we can already guess that {#'} is a
filtration that supports a stochastic process, we don’t need to pay any attention
to the expression “o(w(s), s < t)”. Nevertheless, this expression states that F'
is the o-algebra generated by the vector Wiener process w up until time ¢. This
means, as we expect, that 7' is the rth element of the sequence of o -algebras (the
filtration) that supports w. The text then says that “we assume full information”.
What this means can be inferred from the phrase that follows: “F' represents the
set of observable events at time #”. This means that at time ¢ the observer, who is
also the controller, knows the realizations of all the Wiener processes up until ¢.
Finally, the text states that an “admissible control” is a process adapted to the
filtration F'. We now know that this just means that v(r) depends only on the
realizations of the Wiener processes up until time . The physical meaning of v(¢)
(that is, its role in the control process) can then be inferred from the final sentence.
This says that the “state” (meaning the state of the system to be controlled) is the
solution to Eq. (10.17). Examining this equation we find that v(¢) appears in the
equation that determines the motion of the system, and thus represents a set of
“control parameters” that can be modified as time goes by.

We now turn to a more challenging example, in which the mathematical style
of presentation makes things seem even more obscure. The best way to read the
introduction to such papers, I find, is to jump around, picking up the necessary bits
of information from here and there to piece the whole together. The following is a
(slightly modified) version of an excerpt taken from an article on optimal control
theory by Zhou, Yong, and Li [40].

We consider in this paper stochastic optimal control problems of the following kind. For
a given s € [0, 1], by the set of admissible controls U,,[s, 1] we mean the collection of
(i) standard probability spaces (€2, F, P) along with m-dimensional Brownian motions
B ={B(t):s <t < 1} with B(s) = 0 and (ii) I"-valued J;-adapted measurable processes
u(-) ={u(t):s <t <1}, where 7} =o{B(r):s <r <t} and I' is a given closed set in
some Euclidean space R". When no ambiguity arises, we will use the shorthand u(-) €
Ugals, 11for (2, F, P, B, u(-)) € Ugyls, 11. Let (s, ¥) € [0, 1) x R be given. The process
x(-) = {x(#) : s <t < 1} is the solution of the following Ito stochastic differential equation
(SDE) on the filtered space (2, F, F/, P):

{dx(t) = flt,x(t), u(®)ldt + o[t, x(t), u(t)ld B(t), (10.19)
x(s) = y.

The process x(-) is called the response of the control u(-) € Uyyls, 1], and (x(-), u(+)) is
called an admissible pair.

When we begin reading, the first definition we encounter is “the set of admissible
controls”. From the phrase “by the set of admissible controls U,4[s, 1] we mean the
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collection of (i) standard probability spaces (€2, F, P) along with...”, it appears
that this might be the whole collection of all possible probability spaces. This
doesn’t appear to make much sense, so let’s read on. Further down the text, we
find the fragment “for (2, F, P, B, u(-)) € Uyyls, 1], and this tells us that an
element of the ““set of admissible controls” is the collection of five objects given by
(2, F, P, B, u(-)). By going back up the text, we see that (2, F, P)is a probability
space, and we know what that is. The author is therefore using P rather than P
to denote the probability measure. So a single admissible control is a probability
space, with two other things, B and u(-). Another fragment tells us that B is an
“m-dimensional Brownian motion”. A “Brownian motion” is an alternative name
for a Wiener process, and “m-dimensional” means that it is a vector of Wiener
processes (which we will call a “vector Wiener process” for short). It also states
that u(-) is an “J;-adapted measurable process”. (As above, the “dot” inside the
parentheses just means that u is a function of something.) We know that u is a
“process”, and so it is presumably a function of time. We know also that u is
“adapted to F;”, so this means that u is a stochastic process, and that F; is a
filtration. It is reasonable to conclude that the filtration supports the process B,
and thus that u(¢) is some function of this Wiener process. (We also wonder why
the filtration has a superscript as well as a subscript. Looking back we glean from
the segment “F = o{B(r) : s <r < t}” that F is the o -algebra that supports the
process B between times s and 7. So the superscript denotes the initial time.)

We now see that an “admissible control” is a vector Wiener process B, and some
function of B called u, along with the probability space that supports them. But
the physical meaning of u is not yet clear. We now read on, and find that a new
process, x(¢) is defined. We are told that this is the solution to an “Ito stochastic
differential equation (SDE) on the filtered space (€2, F, F’, P)”. We know that
the “filtered” space is just the probability space that supports our vector of Wiener
processes. We now look at the stochastic equation for x, and see that it is driven by
the increment of the vector Wiener process, d B. We also see that u(¢) is a parameter
in the equation. Now it all starts to make sense — u(¢) is something that affects the
motion of x, and can therefore be used to control x. It makes sense then that u(¢) is
some function of the Wiener process up until time #, since the control we choose at
time ¢ will depend on the value of x, and x(#) depends of the Wiener processes up
until time ¢. Reading on, this is confirmed by the phrase below Eq. (10.19), “process
x(-) is called the response of the control u(-) € U,yls, 1]”. So it is really only u(z)
that is the “admissible control”, not the entire collection (2, F, P, B, u(-)). The
authors of Ref. [40] clearly feel the need to include the probability space along
with B(¢) and u(z) as part of the definition of the “admissible control”, presumably
because u(t) depends on B(t), and B(¢) is supported by the rest. We also see from
Eq. (10.19) that the value of x is given at time s. Returning the definition of u,
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we see that u(z) is defined between the times s and unity. So the control problem
is to control x in the time-interval [s, 1], with the initial condition x(s) = y. The
text also states that u is “I"-valued”. To find out what this means we locate the
definition of I, being “a closed set in R"”. This means that u is an n-dimensional
vector that comes from a “closed set”. Thus the values of the elements of u# have
some arbitrary (but finite) bounds placed upon them. (Note: if we were to read
further in the article we would find that the function x(¢) is a vector, but we will
stop here.)
We can now rewrite the above exert in plain language.

Here we consider the problem of controlling a dynamical system described by the stochastic
equation

dx(r) = f[r, x(¢), u(t)]dt + o[t, x(¢), u(r)]dB. (10.20)

Here x(2) is the state of the system, which will in general be a vector,dB = (d By, ...,dB,)
is a vector of independent Wiener processes, all of which satisfy the Ito calculus relation
d sz = dt, and the functions f and ¢ are arbitrary. The vector u is the set of parameters
that we can modify to control the system. Thus at time ¢, the control parameters u(¢) can
in general be a function of all the Wiener increments up until ¢#. The control problem is
trivial unless the control parameters are bounded. We allow these bounds to be arbitrary, so
u(r) merely lies in some closed set I' in R". We will consider controlling the system from
an initial time ¢t = s > 0 to the fixed final time ¢ = 1. Naturally the stochastic equation is
supported by some filtered probability space (2, F, F;, P).

In the above passage I say that “the functions f and o are arbitrary”. Mathemati-
cians would complain that this is imprecise — what I really mean is that f and o are
any functions that are, say, twice differentiable. The primary difference between
the language of natural scientists and mathematicians is that natural scientists take
it as automatically implied in their papers that, for example, any functions that
appear are sufficiently differentiable for the purposes for which they are used.

My own view is that the language favored by mathematicians, while precise,
usually adds little that is of value to natural scientists. In this I am not alone; the great
Edwin T. Jaynes argues this point of view eloquently in his classic work Probability
Theory: The Logic of Science [1]. This exposition appears under the headings
“What am I supposed to publish?”, and “Mathematical courtesy”, on pages 674—
676. Jaynes goes further and suggests that modern writers on probability theory
could shorten their works considerably by including the following proclamation
(with perhaps the addition of another sentence using the terms “sigma-algebra,
Borel field, Radon—-Nikodym derivative”) on the first page.

Every variable x that we introduce is understood to have some set X of possible values.
Every function f(x) that we introduce is understood to be sufficiently well-behaved so that
what we do with it makes sense. We undertake to make every proof general enough to cover
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the applications we make of it. It is an assigned homework problem for the reader who is
interested in the question to find the most general conditions under which the result would
hold.

Further reading

For a rigorous introduction to modern probability theory, we recommend the con-
cise book by David Williams, Probability with Martingales [35]. This introduces
the concepts of modern probability theory as well as stochastic processes. It does
not explicitly consider continuous-time processes, but since all the terminology and
concepts transfer directly to continuous-time, little is lost. Two texts that do specif-
ically include continuous-time Wiener noise, use modern probability theory, and
focus on modeling and applications rather than mathematical detail, are Financial
Modelling with Jump Processes by Cont and Tankov [33] and Stochastic Differ-
ential Equations: An Introduction with Applications by Bernt @ksendal [11]. The
first of these also contains an introduction to the concepts of modern probability
theory. Texts that are more focussed on the mathematics of stochastic processes
are Brownian Motion and Stochastic Calculus by Karatzas and Shreve [12], and
the two-volume set Diffusions, Markov Processes, and Martingales by Rogers and
Williams [13].



Appendix A

Calculating Gaussian integrals

To calculate means and variances for Gaussian random variables, and the expectation
values of exponential and Gaussian functions of Gaussian random variables, we need to
do integrals of the following form

o0 2
/ x"e B gk (A1)

(o]

First let us solve this integral when n = 0. To do this we need to complete the square in
the exponential, which means writing

—ax? + Bx = —«a <x2 — Ex) . (A2)
(07
Next we write the expression in the brackets as (x + a)? — b. That is, we solve
2 _ 2 P
x—a)y+b=x"——x (A3)
o
for a and b. This gives
2
a=£ and b=—'3—. (A4)
200 4¢2

Putting this back into Eq. (A2) we have

2 2
—ax® + Bx = —a |:<x—%> —‘57}

2 2
= —« <x—£) —'B—. (AS)

The integral becomes

[o.¢] o0
/ L / o—lv—B /)P g
—00 —00

oo
_ o P/ / oo l—B/Cr g (A6)
—00

181



182 Appendix A. Calculating Gaussian integrals

We now perform the substitution v = x — 8/(2«), and the integral becomes

oo [o.¢]
) / ol BICOP g /) / = o, (A7)
—00

—0Q

o0
/ e dy = |, (A8)
oo a

and so the solution to the integral is

o0
/ et gy = | B/, (A9)
oo o

To do the integral for n = 1, we first complete the square and make the substitution as
above. This time we get

We now use the formula [37],

« —ax?+Bx —B?/(4ar) * —av?
xe dx=e [v+ B/Qa)le " dv
- —00

o0
— B /) </ ve—avszJrﬁ/ e_avzdv>. (A10)
—00 200 ) oo

The first integral is zero because the integrand is anti-symmetric, and so the answer is

/ " et gy — Zzﬁe*ﬂz/“a% (Al1)
S o 2

Finally, to do n = 2 we again complete the square and perform the substitution as before.
This time we get integrals of the form we have already encountered above, plus the integral

/ vie " dv. (A12)

o]

2

To do this we integrate by parts by splitting the integrand into f(v) = v and g = ve™" .
We can do this because we can integrate g(v) using the substitution # = v>. The result is

* 2 e~ |~ & 2
/ ve Vdv= —— — eV dv. (A13)
oo 200 - 200 J_o
The first term is zero, and thus
* 2 —av? w1
vie dv=_|——. (Al14)
oo o 20

To do the integral in Eq. (A1) for n > 2, one completes the square and makes the
substitution v = x — §/(2«) as above. Then one has integrals of the form

/ Ve dy. (A15)

o0

To do these one integrates by parts, splitting the integrand into f(v) = v"~! and

g(v) = ve™". One does this repeatedly until all integrals are reduced to either n = 1 or
n = 0, for which we know the answer.
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Finally, we note that the above techniques also work when the coefficients of the
quadratic in the exponential are complex, because

oo+ig
/ e dy = T (A16)
—oo+iq o

for any real ¢ and complex « with Re[a] > 0 [38].
We note that the general formulae for the moments of a Gaussian are

oo |
xMem o gy = i@, (A17)
oo Q)+ n!
o 2 I”l'
/ x2 o= gy = ST (A18)
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